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STRING THEORY MOTIVATED GRAVITY

Einstein—Gauss—Bonnet gravity models are motivated by o’ corrections in
string theories. The most general Lagrangian density at the next to
leading order in the parameter o reads':

A ) )
Lstring = —50/5(925) (G + G 0,¢0,¢ + ;00" 0., + ca( " ¢..)°]
e (G is the Gauss—Bonnet term:
G =R*—4R,,R" + RuyapsR"*",

G" = R — 1gMR is the Einstein tensor,

o = )\i, where )\ is the fundamental string length scale;

¢; are constants (we will consider the case ¢, =0, k = 2,3,4);

A is an additional parameter allowing for different species of string
theories, A = —1/4 for the Bosonic string and A = —1/8 for Heterotic
string respectively.

1D.J. Gross and J.H. Sloan, Nucl. Phys. B 291 (1987) 41;
R.R. Metsaev and A.A. Tseytlin, Nucl. Phys. B 293 (1987) 385.
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INFLATIONARY MODELS
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THE EINSTEIN-GAUSS-BONNET GRAVITY

Let us consider the action
S :/d4x\/—g[U0R + F(GR+ GG)], (1)

where F is a double differentiable function, Uy, Ci, and G are constants.
A linear function F corresponds to the General Relativity, whereas a
nonlinear function F corresponds to the modified gravity.

F(R) and F(G) gravity models are particular cases of this model.
Introducing a field ¢ without kinetic term, action (1) can be rewritten in
the following form:

S :/d4x¢Tg[UoR+ F'(@)(GR+ GG — o)+ F(9)]. (2

Varying action (2) over ¢, one gets ¢ = ;R + GG and the initial
F(R,G) model with action (1).
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MODELS WITH THE GAUSS-BONNET TERM

5= [ ¢xv7g (UeR - Sem0,00.0- V(o) - 3605). ()
In the spatially flat FLRW universe with the interval
ds® = — dt* + a°(t) (dx§ + dx§ + dxg)
one gets the following equations
6H2U +6HU'G = =37 + V + 12H*¢'s, (4)
4(U-2H§') H= —cd®—20+2HU + 4H? (E—Hé), (5)
ch+3cH—6 (H + 2H2) U+ V' + 12H%¢ (H + H2) —0, (6)

where H = 4/a is the Hubble parameter, primes mean the derivatives
with respect to ¢, dots mean the derivatives with respect to t.
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DE SITTER SOLUTIONS

Let us find de Sitter solutions in the model with the Gauss—Bonnet term.
We restrict ourselves to de Sitter solutions with a constant ¢.
Substituting ¢ = ¢4s and H = Hys into Egs. (4) and (6), we get:
@ The equation for the Hubble parameter at the de Sitter point is the
same as in the corresponding model without the Gauss—Bonnet term:

Vs
H% = . 7
e 1)
@ The value of {'(¢as) is
3Uqgs(2Us Vs — Vg Uas
é-ds — ( dS V2 dS ) (8)
ds

where Ags = A(¢gs) for any function A.
It would be convenient, if all the necessary information on the existence
and stability of de Sitter solutions could be obtained from a combination
of functions U, V/, and £ dubbed the effective potential Veg.
Stable de Sitter solutions correspond to minima of the effective potential.
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THE DYNAMICAL SYSTEM

We cast Egs. (5) and (6) as the following dynamical system:

¢ =y,
i 1 ! 72 V2

b =35 2D {QH [3B+2§ V' —6U —6cU] v —27X

+ [12H?[(2U" + 3c) F' + U'€"] — 24¢'¢"H* —3(2U" + c) U] ¥},
1

y__ - I oel g2
H_4(B—2c§’H1p) {8c (U —2¢'H?) Hy

2
- 2% (26'H? — U') X + (4¢"H? —2U" — ¢) c1/)2} ,

(9)

U2

B=30H¢ —U) +cl, X=T5[12H'¢ —12HU + V).
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We introduce the effective potential Veg(¢) in the model with the
Gauss—Bonnet term, such that

Vi (das) = X(¢as) = 0. (10)
Indeed, let ,
U 1
Verr = — Y + §£. (11)
we get

Ués Uds + Vés Uf/s

1
X(bas) = 2€hs —2
(¢ds) 3 Eas Vs V2,

= Ve,ff(QSdS) =0.

De Sitter solutions correspond to extremum points of the effective
potential Veg.

E.O. Pozdeeva, M. Sami, A.V. Toporensky, S.Yu. Vernov,
Phys. Rev. D 100 (2019) 083527 [arXiv:1905.05085]
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THE LYAPUNOV STABILITY

To investigate the Lyapunov stability of a de Sitter solution we use the
following expansions,

H(t) = Has + eH(t), ¢(t) = das +eda(t), ¥(t) = e (t),

where ¢ is a small parameter.

The functions Hy(t), ¢1(t) and 1(t) are not independent. From
Eq. (4), we obtain

VieUgs — Ul Vs
Hy = —% EC (Haspr — 1) - 12
1 YU Ve (Hasp1 — 1) (12)
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THE LYAPUNOV STABILITY

To investigate the Lyapunov stability of a de Sitter solution we use the
following expansions,

H(t) = Has + eH(t), ¢(t) = das +eda(t), ¥(t) = e (t),

where ¢ is a small parameter.
The functions Hi(t), ¢1(t) and 91 (t) are not independent. From
Eq. (4), we obtain

_ VisUds — Ugs Vas

H.
' 2Uqgs Vigs

(Hasp1 — 1) . (12)

From system (9) and Eq. (12), we get:

¢ = Augr+ A,
Y1 = Ao+ Axni,
where
A 0, 1
= 2 1
_ VdSU\szféidS)’ —3Hys
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Solving the characteristic equation:

2 "
det(A— A 1) = 2 — 3Hgs + Vs Ver(Pas) _ o

Uas Bas
we get the following roots:
3 9 %
A = — ~Hgs+ |- H3c — —& 1
+ 5 ds \/4 45~ UnsBas Vet (¢as) - (13)

A de Sitter solution is stable if real parts of both A\_ and A, are negative.
To get this result, we assume that Hys > 0, hence, fe(A_) < 0.

In the case of a positive Uys, we see that Bys > 0 for ¢ > 0. The
condition fe(A;) < 0 is equivalent to Vi (pas) > 0.

In the cases ¢ > 0 and ¢ = 0, a de Sitter solution is stable if

Vi (das) > 0 and unstable if Vi (dqs) < 0.

In the case ¢ < 0, we see that Bys can be negative. So, in this case de
Sitter solution is stable if the V/f(¢qs)Bas > 0.
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DIFFERENT FORMS OF THE EFFECTIVE
POTENTIAL

We define the effective potential as such a function that its minima
correspond to the stable de Sitter solutions and maxima correspond to
unstable de Sitter solutions.
The effective potential is not unique:
@ We can add a constant to it or multiply it on a positive number.
o If V(@) > 0 for any ¢, then functions V[, and —1/VZ,, where n is
a natural number, can be considered as new effective potentials.

o Let U(¢) = f(¢)U(6) and

v V(9)f(4)*U(¢)*
V($) = —F7—~——73 14
= Vao) + uop? (4
then the original and transformed effective potentials are connected
as: .
~ & U %
Ver =2 — = = Ver + —. 1
F=37 7 fr + U (15)

The structure of de Sitter solutions does not change if
W= % = CVerr + W, \N/vhere C>-1. y
One should check that V/(¢4s) > 0 and U(¢gs) > 0.
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SLOW-ROLL APPROXIMATION

We seek inflationary scenarios in the model
1 1
5= [ axv=g (VIR - 369,006 - V(6) - 56010

In the slow-roll approximation, defined by the following conditions?:
O <V, |9l <3H|Gl, |Ul < HIUl < HU, 2H[E| < U, [§ < [€]H,

The evolution equations are:

1%
H? ~ — 16
6U’ (16)
4UH ~ — ¢? — 4H3¢ + 2HU, (17)
V! + 128 H* — 12H2U'
- So 2. (18)

3H

2C. van de Bruck and C. Longden, Phys. Rev. D 93 (2016) 063519.
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We use the dimensionless parameter N, = — In(a/a.) as a new measure
of time.

The constant a. is fixed by the condition that the end of inflation
happens at N, = 0.

Ne > 0 during inflation.

From Egs. (16)—(18), we get the following leading-order equations:

In(H) y = Wy Vg s, (19)
¢:N = 2WVelfF,¢ ) (20)
where AfN = :—,\‘,‘e for any function A,

w=Vv/uU.
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SLOW-ROLL PARAMETERS

The slow-roll approximation requires |¢;| < 1, |§;| < 1, and || < 1,
where the slow-roll parameters are

1(H)n 1 Wiy €GN
- - , = — b >
€1 e 2 W y  €itl ¢ =1, (21)
Uy PN
G = TR Git1= — %, =1, (22)
I
2H? % Sin .
o = - Tf,’/v ~ — Wﬁf/\n dit1= — a5 >1. (23)
It is easy to get:
Wi i i
=26 — — — G- 5= 2
€ =26 W, ¢ G1 Uy 2 €1 — (1 — 5,’N

arXiv:2006.08027, arXiv:2104.04995 14 /31



INFLATIONARY PARAMETERS

We get the tensor-to-scalar ratio

4 2 8V
r=282e+ (1 — 01| = U (¢fN) = ﬁvefff,N' (24)

The spectral index of scalar perturbations ng has the following form:

! "
v 1 Veff,NN

ng=1-—2¢ — Cl =+
’ r Ve,ff,N

(25)

The expression of the amplitude of the scalar perturbations in terms of
the effective potential is as follows:

%4 1

As = = .
6m2U%r 48w Vi

(26)

E.O. Pozdeeva, M. R. Gangopadhyay, M. Sami, A.V. Toporensky and
S.Yu. Vernov, Phys. Rev. D 102 (2020) 043525 [arXiv:2006.08027]
E.O. Pozdeeva, S.Yu. Vernov, arXiv:2104.04995
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MODELS WITH £(¢) = C/V(¢)

The choice of the function £ = C/V is actively studied®. In the case of a
constant U = Uy = M3, /2,

C—-3U3
Veff = Toa (27)
and the slow-roll parameters are as follows:
2
(3% - ) v, a(c-33) (Wi, - v2)
= € =
“ 3pv2 30pV2 ’
2C
51:37Ug€1, 52262.
So, the inflationary parameters are
2
2(3% - ) (2w, —3v2,?)
ns =1+ 30,12 . (28)
16V,2 (303 - ©)°
B QU3 V2 (29)

3Z.K. Guo and D.J. Schwarz, Phys. Rev. D 81, 123520 (2010)
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The case of V = V0"

In the case of V = V(¢", we obtain, taking into account €1(¢(0)) =1,

4N, + n)(3U2 — C)
2 Ne _ n( 0 )
2(n+2) 16n(3U2 — C)
s=1- """ =0
" aN.+n’ T 302N, + n) (30)

Adding of the GB term with ¢ = C/V does not change ns, but changes r.
In the case of n = 2, ns is correct, but € = §> = 2¢1. The slow-roll
approximation is broken before the end of inflation.

In the case of n = 4, the slow-roll approximation is satisfied e, = d, = €1,

but
3

N +1
The Planck observation: ng = 0.9649 =+ 0.0042 at 68% CL, implies that
75 < N, < 96.

It is the general situation of for GB inflationary models with ns; and r
given by (30). E.O. Pozdeeva, Universe 7 (2021) 181, arXiv:2105.02772

ns =1 (31)
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The \¢* potential

Let
V=2X" =60+t + 60" (32)
with arbitrary constants A, &, &4, and &.
& B €6
Ver = 355 + 357 + 35
fr 3¢2+3¢4+3¢6 (33)

where 3 = & — 3U3/\.
The inflationary parameters are as follows:

BA(G0" +600° +156) 64N (&0 + 26 +36)°
3UQ¢4 ’ o 9US¢6 :

ns =1+
(34)

In the generic case, when parameters &, &, and 3 are nonzero, analytical

solutions cannot be obtained. We use numeric computations at A = 0.1,

& =—-0.1, Uy=1/2, and g = —7.4.

The choice of § is from the fact to keep A; ~ 2.1 x 107°.

The parameter & is taken in the range 0 < & < 0.5.

arXiv:2006.08027, arXiv:2104.04995 18/31
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The case of =0

In the case of & # 0 and 8 = 0, the inflationary parameters are as

follows:
L 8M\(&9" + 158) 64\ (&0 + 356)2
ns—l+W, r = 9U3¢6 . (35)
4] 3E6(3Upe—1026Ne/(3U) — AL, — 3Up)
PNe) = ¢ £2(8XE + 3Up) (36)
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Figure: Parameter space of n, and r for the model with V = \¢* and
E=60"2 4+ & + &¢ % inthe case of A =0.1, & = —0.1, Up = 1/2, and
8 = 0. Blue solid, red dashed, and green dot curves correspond to N. = 55,
Ne = 60, and N. = 65 respectively. The contours correspond to the
marginalized joint 68% and 95% CL.
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INFLATIONARY SCENARIOS WITH THE
GIVEN FUNCTIONS n,(N.) AND r(N.)

Let the functions ns(N.) and r(N.) coincide in the leading order of 1/N,
with parameters of conformal attractor models:

2

ns=1- No+ No’ (37)
12¢C,

"7 N+ o 9

where |Ng| < 60 and C, > 0 are constants. The Starobinsky R? inflation
and the Higgs-driven inflation correspond to C, = 1.

For models without the Gauss—Bonnet term, the case of an arbitrary C,
has been proposed in V. Mukhanov, Eur. Phys. J. C 73 (2013) 2486
and actively used in cosmological attractor approach («—attractor):

R. Kallosh and A. Linde, JCAP 1307 (2013) 002

D. Roest, JCAP 01 (2014) 007

M. Galante, R. Kallosh, A. Linde and D. Roest, Phys. Rev. Lett. 114
(2015) 141302

For models with the GB term, this approach has been proposed in

E.O. Pozdeeva, Eur. Phys. J. C 80 (2020) 612.
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The relation

o Ve/rl’f,NN
ng =14 —"—, (39)
Veff,N
for the given ng(N.) is a linear differential equation for Vg (Ne).
Substituting (37) into Eq. (39), we obtain:
/ -2 Cerr 2
eff,N(Ne) = Ceff(Ne + NO) = 4 ( s 1) )
1 1
(40)

As = = .
s 487T2 V/ff,N 127‘1’2 Ceff(ns — 1)2

Substituting ns and r are given by (37) and (38) into

r'y
ns:1_261_<1+i7

we obtain 2¢; + (1 = 0.

If U is a constant, then the potential V is a constant as well. So, H is a
constant and ¢; = 0.

For a nonconstant U(¢), we obtain that (; = —2¢; < —1 during inflation.
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MODEL WITH U = M2 /2

An inflationary model constructed in

E.O. Pozdeeva, Eur. Phys. J. C 80 (2020) 612 [arXiv:2005.10133]

has the function U = M2,/2, the potential

- 2
V= Voexp<—w0exp (— 3(:/\;1/))’

- 2
§=Coexp (WOeXP (— ?)CI\ZL/)) )

where Vy > 0, C, > 0, wg, and &y are constants.
The effective potential is

and

- 4& Vo — 3M} 2
Veff = (&)](-)2\/0"3/) exp (WO exp (— 3C_l\;fpl>) .

Using Eq. (20), we obtain ¢(N,) in the slow-roll approximation:

2w0(3M,f_l,, — 4V0§0)
9C, M},

o) = Y252 Mo (. )

where Ny is an integration constant.
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The conditions that 0 < ¢; < 1 during inflation (for No > 0) and ¢; =1
at N, =0 give
_ANG (3ME, — 4Voko)

C
* IME,
The slow-roll parameter
2
= 4
€2 Ne + Nov ( 5)

so €3 < 1 during inflation if Ny > 2.

If 86 Vo < 3M},, then all slow-roll parameters are less than one during
inflation.
Inflationary parameters are

2 2N2 16N2 (3M%, — 4Vo&o)
r= .

ng=1- — ,
° Ne+No (N + No)? 3M%, (Ne + No)

(40)
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The observable values of ng, obtained by the telescope Planck:
ns = 0.965 £ 0.04,
allows us to restrict values of Np:
2 < Ny < 0.0199N, — 0.510 + 0.0102+/195N2 — 10000, + 2500.

0.9684

0.9674

0.9667

> N
0.965 |
ns AN
N
0.964 \
\
N\
0.963 \
\
| \
0.962 \
\
0.9614 A
2 3 4 5
N

Figure: The inflationary parameter ns as a function of Np for the different
numbers of e-foldings during inflation: N. = 55 (blue solid curve), N. = 60
(red dash curve) and N. = 65 (green dash-dot curve).
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GENERALIZATION OF INFLATIONARY MODEL

To construct a set of inflationary models with the same functions ng(N.)
and As(N.) we put the condition that V., does not change.
To get the same function ¢(N,) we add the condition that the function
W = V/ /U does not change.

M2
e

Do) V= F(0)7 = Vor(9)exo ( ~woexp (/5510 ) )

v 3C. Vo

60 = (80+ 2240 - 1) o0 (woep (507 ).

where f(¢) is a double differentiable function.
We do not fix the parameter r(N,):

12C,
f-(Ne+ No)2’

hence, the observation data gives restrictions on the function f.
Other restrictions on this function can be obtained from the condition
that the slow-roll approximation should be satisfied during inflation.
We the parameters ¢; do not depend on f, whereas other slow-roll
parameters depend on f.

r(N,) = (47)
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AN EXPONENTIAL FUNCTION F

Let us consider the case

f(¢) = foexp (ﬁwo exp <_ 3? /\j,,,)) ’

where 3 is a constant. Using Eq. (44), we get

M3 235
= —"f
U 5 o exp <Ne N )

and

_ 16N (3MB, — 4Voto) ( 2"’35> , (48)

"7 TIME f(Ne + No)? T N.+ No

2N2(B -1
V = £V, exp (M) ’

1 28N2 2N2
= 3IME £ O ) —3M% + 45V, 0 )
£ A ( pifo €xp (Ne n /Vo) b1+ 45 Vo | exp N. + Ny

arXiv:2006.08027, arXiv:2104.04995 28/31



To fix fo we assume that at the end of inflation U = M2, /2, therefore,

fo = exp (—2Npf3) .

(49)

Table: Model parameters: 3, J = Vofo/Mﬁ,, Vo//\/lél, &o, and the corresponding

values of r.

B J Vo/ Mg, o r
—05] 0.72 2.3556 - 1011 3.0565 - 1010 0.00009614
—0.5 0.5 1.9630- 10~ 10 2.5471 - 10° 0.0008011
-0.3 0.5 1.9630- 10~ 10 2.5471-10° 0.001737
—0.1] 045 2.3556 - 1010 1.9103 - 109 0.004522
—0.1 0.2 4.31863 - 1010 4.6311 - 108 0.00829

0 0.2 4.3186 - 10~ 10 4.6311 - 108 0.0122

0.1 —0.2 7.4595.10~10 —2.6812 - 108 0.03106
0.1 —0.4 9.0299 .10~ 10 —4.4297 - 108 0.03760
0.2 —0.4 0.0299 - 10~ 10 —4.4297 - 108 0.0554
0.25 | —0.45 9.4225.10°10 —4.7758 - 108 0.07011

arXiv:2006.08027,
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CONCLUSIONS

We analyze the Einstein—-Gauss—Bonnet gravity model:
c v
5= [ dtxv=g (V@R - 56" 8,00,6 - V() - F(0)9)

e In the case of U(¢) > 0, it is possible to introduce the effective
potential Ves which can be expressed through the coupling function U,
the scalar field potential V and the coupling function with the
Gauss—Bonnet term &:

1 U?
eff* 577

e For ¢ > 0, it is convenient to investigate the structure of fixed points
using the effective potential, indeed, the stable de Sitter solutions
correspond to minima of the effective potential Veg.

E.O. Pozdeeva, M. Sami, A.V. Toporensky, S.Yu. Vernov,

Phys. Rev. D 100 (2019) 083527 [arXiv:1905.05085]

e The effective potential Vg can be used to analyze the stability of de
Sitter solutions in model with F(G) term (c = 0).

E.O. Pozdeeva, S.Yu. Vernov, Universe 7 (2021) 149 [arXiv:2104.11111]
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CONCLUSIONS

e The effective potential Vg plays an important role in the inflationary
scenario construction. The inflationary parameters are

1
Vet _ 1
! ) s — 2 / .
Veff,N 48m Veff,/v

ng =1+

E.O. Pozdeeva, S.Yu. Vernov, arXiv:2104.04995

e We have generalized the inflationary scenario with a constant

U = M2,/2 proposed in

E.O. Pozdeeva, Eur. Phys. J. C 80 (2020) 612 [arXiv:2005.10133].

e Using the effective potential, we construct sets of inflationary models
with nonconstant functions U that is equal to M3,/2 at the end of
inflation. In distinguish to the cosmological attractor approach, we do
not fix r(N.), but fix ¢(Ne) and ng(Ne).

e We plan to generalize the Gauss-Bonnet inflationary models with a
constant U proposed in

E.O. Pozdeeva, M. R. Gangopadhyay, M. Sami, A.V. Toporensky and
S.Yu. Vernov, Phys. Rev. D 102 (2020) 043525 [arXiv:2006.08027]
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Vet _ 1
! ) s — 2 / .
Veff,N 48m Veff,/v
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e Using the effective potential, we construct sets of inflationary models
with nonconstant functions U that is equal to M3,/2 at the end of
inflation. In distinguish to the cosmological attractor approach, we do
not fix r(N.), but fix ¢(Ne) and ng(Ne).

e We plan to generalize the Gauss-Bonnet inflationary models with a
constant U proposed in

E.O. Pozdeeva, M. R. Gangopadhyay, M. Sami, A.V. Toporensky and
S.Yu. Vernov, Phys. Rev. D 102 (2020) 043525 [arXiv:2006.08027]
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