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Study of the various aspects of FT in higher dimensions recently
attracts much attention due to the remarkable and sometimes even
unexpected properties at classical and quantum levels. The basic
space-time symmetry in relativistic models is Poincaré group. Theory

of unitary irreps of Poincaré group in four dimensions was constructed
E .Wigner(1939,1947),

V .Bargmann, E.Wigner (1948)

and their applications were considered in many papers and reviews;

see e.g. lectures [X.Bekaert, N.Boulanger (2006), hep-th/0611263]. Although
the generic construction of the Poincaré group irreps in any dimension
can be realized by the method of induced representations, many
specific aspects important for CFT and QFT deserve a separate study.
Some of such aspects can be formulated only for each concrete
dimension and not for all dimensions.

in . The unitary irreps in higher dimensions
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In this report we construct the massless finite and infinite spin irreps of
the Poincaré group in 6d Minkowski space. Some aspects of such
irreps were considered earlier by [L.Mezincescu, P.Townsend (2014,2017)],
however many issues, especially the infinite spin representations, were
not addressed and complete analysis was not done. For us the
important paper is [X.Bekaert, J.Mourad, JHEP 0601 (2006)115, hep-th/0509092].
Recently there appeared the paper [S.Kuzenko, A.Pindur, Massless particles
in five and higher dimensions, Phys.Lett. B812 (2021) 136020], where the unitary
massless irreps of the Poincaré group in 5d Minkowski space were
constructed, some issues related to irreps in arbitrary dimensions were
briefly studied and the representations of super Poincaré group were
considered. In our study we mostly addressed to infinite spin
representations.
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Lie algebra iso(1,5) and its Casimir operators

To characterize the unitary irreps of d-dimensional Poincaré group
ISO™(1,d — 1), or its covering ISpin'(1,d — 1), we need to consider
the corresponding irreps of the Lie algebra

iso(1,d — 1) = ispin(1,d — 1) with generators {P,, M™} (components
of momentum and angular momentum) and defining relations

[Pm Pm] ) [Pna mk] = (nkan — Umnpk)
[Mnma Mkf] = |(77nk Mmf - 77man€ + UméMnk - 77n€Mmk)

where ||k || = diag(+1,~1,..., ~1) — metric in RH4~1,

The algebraiso(1,d — 1) has [(d + 1)/2] Casimir operators since the
algebraiso(1,d — 1) is obtained by contraction from the simple Lie
algebraso(d + 1,C) of rank [(d + 1)/2].

Thus, the Lie algebra iso(1,5) of 6d Poincaré group has 3 Casimir
operators.
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To construct Casimirs for iso(1,5) we introduce the third rank tensor
Wmnk and the vector T, which are elements of ¢/(iso(1, 5))

Wik = Emnklprl:’llvIpr ) Tm= EmnklprPanlMpr .
Here emnkipr form the total antisymmetric tensor with normalization
€o12345 = 1 and operators W, and T, obey
Pmenk = 07 [PIannk] = 07 Pme = 07 [PIaTm] =0.
Then we define the Casimir operators for iso(1,5) as
Co :=PMPn, Cy = %Wmnkwmnk )
(:6 = é% wﬁnwwhn]

which are 2nd, 4th and 6th order operators in the generators of
U(iso(1,5)), respectively.
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Recall that in 4d Minkowski space any 2nd rank tensor W, = —Wnm
has the decomposition in sum of self-dual W(+) and anti-self-dual
W,sm) parts Wmn = w,Sm> + W( ) and we have the decomposition
W2 = (W))2 4 (W ))2 WhICh reflects so(4, C) = s¢(2,C) + s/(2, C).

In 6d Minkowski space any third rank tensor W, also has the

decomposition in sum of self-dual W(nl)< and anti-self-dual Wrgml)( parts
1

3!

In opposite to 4d case, in 6d case the square of the third rank tensor
Wnk is the contraction of self-dual and anti-self-dual parts:

W = W) 1w ) w ) . 5 <Wmnki

mnk mnk mnk *

Emnklpr\N lpr >

WKWy = 2w (Hmnkyy () (1)

mnk

since we have W(+)m”kwé;3< = W(‘)m”kwr(n;l)( = 0. For this reason, in
6d case, the square of the third rank tensor W,k produces only one
Casimir operator (1) and there are no more independent invariant
operators constructed from W .
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Taking into account the expressions for operators W« and Ty via
generators Py, My, we obtain explicit form of the Casimirs C,, C4, Cg:

1

C2 = Pmpm’ C4:ﬂmﬂm - szanan (2)
1

Co = —MMynMM™ + 2 (Mm”an—s) Cs

+ % [M“M (M™ Mg — 8) + 2M™ MM Mim | C:, - (3)

where we introduce new vector I with components

M = P My = My PX = 5i Py (4)
subject to (cf. with iso(1,d — 1) relations)
[Mn, Mk] = =M C2,  [Mmn, Mk] =i (Mmk Mn — 70k Mm) = (5)

Further we consider the massless unitary representations of iso(1,5)
when:
C,=P2=P"P, =0.
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Standard massless momentum reference frame

Let the algebra (2.1), (2.2) acts in the representation space H with
basis vectors |k, o), where P |k, o) = kn|k, o) and o are eigenvalues
of all operators which generate commuting set with P,. We take the
states |k, o) for which the spectrum of momentum operators Py, form
the light-cone reference frame for massless particle momentum

k™ = (k% k2, k%) = (k,0,0,0,0,k), i.e. we have on the states |k, o)

PO = PS> =k, P2=0, a=1,23,4.

Further all operator formulas (written in the light-cone frame) should
be understood as a result of their action on the subspace Hy C H
spanned by vectors |k, o) with fixed light-cone momentum Kp,.
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The transition to this light-cone reference frame is conveniently
performed in the light-cone basis where any 6D vector
XM = (X% ,X2& X®) has the light-cone coordinates XM = (X+, X, X?),
where
xi:i(xoixf’) Xo— = (XotXs) = XE=Xo, (6)
\/E ) + \/E 0 5 F

and the contraction of two 6D vectors X™ and Y™ is
XM =XTY L +X7Y_ + X3 = XY, +X.Y_ —X;Ya. @)
In the light-cone basis the components of P have eigenvalues
Pt =P_ =2k, P~ =P, =0, P2=0, a=1,23,4.

The higher Casimirs in this frame take the form

C/\:4 = —ﬁaﬁa>

. L . . ®
Ce = TMpMpalcMca — 2 MpcMpc Malla,

where we introduce Hermitian operators My = V2kM, 4 — vectors in
4D. Note that derivation of (8) takes some efforts,
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The 4D operators 15 and My, in view of (5) form the Lie algebra iso(4)
[ﬁa, ﬁb] = 07 [ﬁav Mbc] =i <5abﬁc - 5acﬁb) ) (9)

[Mab7 I\/ch] =i (5bc Mad - 5bd Mac + (5ac Mdb - 5ad Mcb) ) (10)

and therefore generate the isometries of the four-dimensional
Euclidean space. As a result, the operators C, and Cg defined in (8)
are the Casimirs of the iso(4) algebra.

It is known that six generators My, of rotations in the space R* are
decomposed into the sum

Map = M) + ML) (11)

ab

of (anti)selfdual parts M(i) := 2 (Map % 3 €apcaMca ). They form the
algebra so(4)
[M;§)7 M4 1 —|<5bcM;d) SpaMEE) +5acMébi) Jad Més,[)),
MG MG =

which is direct sum su(2) + su(2), where Mé ) and M(b) generate the
first and second algebras su(2) respectively.
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By using the 't Hooft symbols 7, = —n| ., and 7, = —i, (i=1,2,3):

i €iab avb = 172)37 - €irab avb = 1)273)
b=\ 5, b=4, b=\ _5ia  b=4.

we connect (anti-)selfdual SO(4) tensors M;;)t) with the SO(3) vectors

Mi(+), Mf,_) by means of the following relations

My = oML MG = M (12)
Operators ME” and Mi(,_) form two su(2) algebras with standard
commutators

M M =igm? MO MO =iapem) M M =0,
()
b

Recall that the algebra iso(4) with basis elements I, and M,

generate stability subgroup for 6D massless unitary irreps.
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In case of this noncompact symmetry there are two different cases
which are defined by the value of the Casimir operator C4 = I3[y, i.e.
square of “four-translation” generator [1, in R*. So, below we consider

the following unitary massless representations.

@ Finite spin ("helicity”) representations
In these cases the SO(4) four-vector I, has zero square:

Mafly =0. (13)

@ Infinite (continuous) spin representations
In case of these representations the Euclidean four-vector 1, has

nonzero square:
Malla =p? #0. (14)

Below we consider these cases in details.
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Massless finite spin representations for iso(1,5) are characterized by
the fulfillment of condition (13): 141, = 0, which implies for Euclidean
4-vector:

Nl,=0 , Va=123.4. (15)

As result, the Casimir operators 64 and 66 vanish in this case
N A N . N 1 A
C4:—|_|a|_|a:0, C6: I_lblvlbarlc'\/'ca - EMbchc I_lal_la:o>

In passing from this light-cone reference frame to an arbitrary basis,
we get that all Casimir operators on the massless finite spin states
take zero values [L.Mezincescu, A.Routh, P.Townsend, Annals Phys.
346 (2014) 66]

Cy= %wz =0, Cg = 2—16T"Tk =0.

Due to (15) the Euclidean four-translations are zero for these
representations. As a result such unitary representations are finite
dimensional (they are induced from irreps of the compact Lie algebra
s0(4)). Each such 6D massless representation defines the finite

number of massless particle states.



6D helicity operators

Now we show that the Casimir operators of the stability group SO(4)
define the 6D helicity operators.

First, consider the vector Trm = emnkipr P"MXMP'. In the light-cone
reference frame P+ = /2k , P~ =0, P2 = 0 the vector T,
has the components

T =MNMPT, T-=Ta=0, (16)

where coefficient A; is the Casimir operator for so(4)
A1 = €apcdMapMcq - 17)
We can write (16) to the general momentum frame. Namely, in view of

[Tm,Px] =0, T«PK =0 and since T, is light like vector, we have:

T
Tm=MPmn, A=3,
Po
We stress that the operator A is a central element in ¢/(iso(1,5))
since it is invariant under the 6D Poincare transformations.
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Recall that so(4) irreps are characterized by two second Casimir
operators (M(*))2. The second operator appears as helicity operator
A2 in the construction proposed recently in [S.Kuzenko, A.Pindur, Phys.Lett.
B 812 (2021) 136020; arXiv:2010.07124]. In their prescription the different
third order vector is considered

Sm = 3M™PMpyq = M™MyPr — 2M*"MpnPy,  (19)

where square brackets denote antisymmetrization. For this vector we

obtain
SMSm = M2M2P2 + 4| MMy MMM — M2(N2 + P2) 4+ N2| (20)
P"Sp =M?2P2 —2M2,  [Sy,Pn] = 2iMunP? + 4iMmPy -

where M2 := M"™M,, and N2 := M'MN,. From these relations on the
shell of the conditions Pt = v/2k, P~ = P2 = 0 and 1, = 0 (va),
which define finite spin representations, we obtain

PmSm == 0, [Sm, Pn] - 0, SmSm - 0, (21)

which are the same as conditions for T,.
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So, in case of massless finite spin representations, vectors P, and Sy,
are collinear as well

Sm = N2Pm, (22)
where the coefficient A; is the second so(4) quadratic Casimir operator
S
A2 = MapMap ,  Npi= 5. (23)
0

which is the second helicity operator. So these massless irreps are
characterized by the pair (A1, A2), where A1 » € R are eigenvalues of
A12. We can represent helicity operators Ay , in the form

A=2(MGMG) - MEME)) =8 (MM MM |

Ay = Mgg)M;;uM;b)M;b) =4 (MPME LmPME)

For unitary irreps, the operators Mi(+)M(+) and M( )M( ) are equal to
j+(+ +1)andj_(j— + 1), respectively, and elgenvalues A1, are

A1 =8j4(j+ +1) - 8-(j- +1),

A2 =41 (+ +1)+4j-(i- +1),  jr€Z>0/2.

(24)



First, we consider a fixed so(4) irrep and determine the values of the
helicities related to this irrep. We use the defining (vector)
representation for the so(4) generators:

(Mab)eg = i(5&1e5bg - 5ag(5be) . (25)

Then we reconstruct the corresponding 6D fields, for which the
equations of motion and gauge fixing show that the independent
components are exactly those SO(4) fields which were considered
earlier in the four-dimensional picture.

1. Vector electromagnetic field

For the representation (25) the so(4) Casimir operators take the form

(Al)eg = 6abcd(Machd)eg =0,

(26)
(/\Z)eg = (MabMab)eg = 6(Seg .
and their action on the 4-dimensional vector field A, gives the following
values of helicities: Ay =0, X =6;  jy=j_=1.
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This Euclidean 4D vector field A, describes physical components of
the 6D vector gauge field An,. Indeed, in momentum representation
U (1) gauge field Ap, is determined up to gauge transformations

6/\n1 - iF)nqu (2Z7)
and described by the equations of motion
F)nwF:n1n = (), (253)

where Fmn = i(PmAn — PhAn) is the field strength. The proper gauge
fixing is the light-cone gauge

At =0. (29)
Then in the light-cone frame
PT=Vv2k,P =P%=0,

the equations of motion 28 give A~ = 0 and independent field is the
transverse part A, of the 6D gauge field Ap,.
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2. Linearized gravity field in 6D
Now we consider the space of SO(4) second rank tensors. In this case
the matrix representation of so(4) generators is

(Mab)919279192 = (Mab)919159292 + 59191 (Mab)ezgz (30)
and the SO(4) Casimir operators are
(Al)elez,glgz = Eade(IvlabMCd )9192,9192 = 8691929192 >

(Az)elebgng = (MabMab)elebgng (31)
= 4(35619159292 + 5919259291 - 5619259192) .
First, we consider the SO(4) second rank tensor h,p,, which is

symmetric h ab = h ab and traceless haa. ON this field the helicity
operators (31) take the values

M=0, \M=16; j.=j_=1. (32)

Let us show that this field ﬁab describes the physical components of
the 6D linearized gravitational field.
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Let us show that this 4D field h,, describes the physical components
of the 6D linearized gravitational field. Indeed, the 6D linearized
gravitational field h™ = h"™ has gauge invariance

sh™ = ip(Mn) (33)
and obeys the Pauli-Fierz equations of motion
PZh™ — pMp A" — PIP WK 4 PP K = 0. (34)

For the transformations (33) we can put again the light-cone gauge
(see e.g. [W. Siegel, Fields, hep-th/9912205])

h*m = 0. (35)

The equations of motion (34) give h™™ =0, h,2 =0 in the light-cone
frame. As result, nonvanishing field is the traceless part hyy of
transverse field h,, of the 6D gravity field h™".
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3. Third rank (anti-)selfdual antisymmetric tensor fields
Consider the SO(4) antisymmetric tensors of the second rank
Ban = —Bpa, and their (anti-)selfdual parts

1
B — £ Cabod B(X). (36)

The tensors BS)E) form the spaces of two SO(4) irreps which make up
the SO(4) reducible representation in the space of all antisymmetric

rank 2 tensors associated to Young diagram [1?] = |—{. In this case the

s0(4) generators My, and helicity operators A;, A, have the same
representations as in the previous case. Eigenvalues of A, A, and
(M2 are

M =16, M\=8: j.=1, j_=0,
L 2 b - (37)
AL =-16, A2 =8; +=0, j-=1

on the spaces of the selfdual B;E;) anti-selfdual B;g) fields.
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It is clear that these SO(4) (anti-)selfdual fields B[(aib)] are independent
(£)

components of the 6D massless (anti-)selfdual 3-rank fields B,

which satisfy the identities
1
Br(rﬂ( = 1—3! s—:mnkm,B(i)'pr . (38)

Indeed, the equations of motion of the 6D massless fields B( f( are

a) P"B) —o, b) p[msg:kt,; 0, c) P28 —0. (39)
Then in the light-cone frame the equations (39a) give B*)  , =0
whereas the equations (39b) produce B(+) . = 0. As a resullt,
independent fields of the 6D tensors Br(nj;)k are the SO(4) (anti-)selfdual
fields B#) _,, = B(+),, which are subjected the SO(4) (anti-)selfdual
conditions (36) due to the 6D (anti-)selfdual conditions (38).
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Remark. One can generalize this example to the case of special
3n-rank selfdual and anti-selfdual 6-dimensional tensor fields. These
fields correspond to SO(4) irreducible representations in spaces of
2n-rank traceless selfdual and anti-selfdual tensors with components

Béf?az" be symmetrized in accordance to the Young diagram

[n?] = . Itis clear that for highest weights of such selfdual

and anti-selfdual representations of SO(4) we have respectively
j+ =n,j- =0andj; = 0,j— = nand in view of general formulas (24)
we obtain the eigenvalues of helicity operators

A= 8n(n + 1), Ay = 4n(n + 1) ,
A1 =-8n(n+1), A\, =4n(n+1),

which generalize (37).
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Massless infinite (continuous) spin irreps

Here we have the condition (14)

Aafla = p? #0, (40)
and the Euclidean four-vector [l is nonzero. Then the representations
of the little group ISO(4), from which the 6D relativistic massless

representations are induced, are infinite dimensional. In these
representations the operator C4 has nonvanishing eigenvalue

Cs=Cs=—p2,  p+#0. (41)

Moreover, for the condition (40) we can take the basis in which only the
fourth component is nonzero: Ny=MN,=MN3=0, [ly= u. Then
taking into account nf% = 5 and 7724 = —dy5 We obtain the value of the
Casimir operator:

Ce = —p*3idi, (42)
where 1
Ji = Mi(+)—|—|\/|$_) = _E eijijk’ i=1,2,3. (43)
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So the operators J; are in fact the generators of the SO(3) subgroup of
the SO(4) stability group. Therefore, in case of the unitary irreps we
have

J? = s(s+1), (44)

where s is fixed integer or half-integer number. Thus, for the Casimir
operator (42) we obtain

Ce = Cg = —p?s(s+1), (45)

As a result, the massless infinite spin representations are
characterized by the pair (1, s), where the real parameter p defines the
eigenvalue of the Casimir operator C,4 (41) and the (half-)integer
number s defines the eigenvalue of the Casimir operator Cg (45).

Let us examine in our consideration the D = 6 infinite integer spin
system [X.Bekaert, J.Mourad, JHEP 0601 (2006)115,
hep-th/0509092]. which is higher dimension generalization of the

D = 4 Wigner - Bargman model [E.Wigner (1939,1947), V.Bargmann
and E.Wigner (1948)].
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The Bekaert-Mourad model is described by the pair of the space-time
phase operators

Xmapm7 [Xm7pk] = I5Ir(n (46)
and two pairs of the additional bosonic phase vectors
Wm7§m7 [Wmﬂé‘k] :Iélr(n' Um7Cma [umagk] :Iélr(n (47)

These two pairs of vectors (47) are responsible for spinning degrees of
freedom.

Infinite integer spin field ¥ in Bekaert-Mourad model is described by
the D = 6 generalization of the Wigner-Bargmann equations

pP’vV = 0, &pv=0, (48)
(Wp-—p)¥v = 0, (€-£+1)v=0, (49)
and additional equations which involve the second pair (47)
upv = 0, ¢pv =0, (50)
¢6W=0, (C¥ =0, (u¢-s)¥=0,  (51)

where £-p := £Mpm, etc.



Note that, in contrast to the four-dimensional Wigner-Bargman model
with one pair of auxiliary variables w™, &n,, in the six-dimensional case
it is necessary to use the second pair of auxiliary vector variables u™,
(m to describe arbitrary infinite spin representations.

In the light-cone frame p~ = pa = 0, p*™ = const # 0, and in the
representation {m = —id/ow™, (yn = —i0/0u™ the equations (48)—(51)
can be solved as

V=0(ptw™ —p)d(pTuT) ®(Wa, Ua), (52)

where ®(wjy, Uy) has special series expansions presented in
[X.Bekaert, J.Mourad, JHEP 0601 (2006)115, hep-th/0509092].

Now we can determine the values of the Casimir operators C4, Cg 0N
the field (52). For such fields the generators of the iso(4) algebra have
the form

Map = i (Wa —— — Wy~ + U 2 — Uy 2 fla = —ipi—2
ab = aawb bawa a ) ) a— —lp




As result, we obtain the fulfillment of the condition (41) for the Casimir
operator C4: C4 = C4 = —pi?. Moreover, the representations (53) lead
to the expression

A 0 0 o 0
2
- I (w2 41
Co = 1uag- (ub Su > e B (54)
N A N S BN
o\ 0w, 2 aw, a78 Hwy, Owy, ) duc Aug
X L S B A
ll ara é)l‘b é)VVb Eié)l‘a b é)VVb é)l‘c é)VVC

and due to the equations (48)—(51) we obtain Cg = Ce = —p?s(s +1)
on the fields (52).

Thus, the infinite spin field with only one additional vector variables
and obeying the Wigner-Bargmann equations (48)—(49) and additional
equations (50)—(51) describes the irreducible (x, s) infinite spin
representation.
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Summary and outlook

We have studied the massless irreducible representations of the
Poincaré group in six-dimensional Minkowski space and give full
classification of all massless representations including infinite integer
spin case. The representations are described by three Casimir
operators C,, C4 and Cg. The different forms and properties of these
operators are explored in the standard massless momentum reference
frame, where it is seen that the unitary representations of ISO(1, 5)
group are induced from representations of SO(4) and 1ISO(4) groups
and correspondingly are divided into finite spin (helicity) and infinite
spin representations. Both these representations are studied in details.
It is proved that the finite spin representation is described by two
integer or half-integer numbers while the infinite spin representation is
described by one real parameter and one integer or half-integer
number. In case of half-integer spin we should introduce an additional
spinor or twistor variables like in [X.Bekaert, J.Mourad, JHEP 0601
(2006)115, hep-th/0509092].
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As a continuation of this research it would be interesting to describe
the massless representations with half-integer spin and massive
irreducible representations of six-dimensional Poincaré group with both
integer and half-integer spin. Another open problem is constructing the
representations of the corresponding six-dimensional super Poincaré
group. Also it would be useful to work out the field realizations of the
massless representations considered in this paper and explore the
new aspects of Lagrange formulation for these fields in six-dimensional
Minkowski space including infinite spin cases. We plan to study all
these problems in the forthcoming papers.
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