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SkyrmeSkyrme familyfamily

(2+1)(2+1)--dimdim: Baby Baby SkyrmeSkyrme modelmodel

φ : S2 → S2; φ∞ = (0, 0, 1)
V (φ) = µ2(1− φ3)Standard choice:

(3+1)(3+1)--dimdim: FaddeevFaddeev--SkyrmeSkyrme modelmodel

QQ ∈∈ ZZ == ππ22((SS
22))

L =
1

2
∂µφ∂

µφ−
1

4
(∂µφ× ∂νφ)

2
− V (φ)

L =
1

2
∂µφ∂

µφ−
1

4
(∂µφ× ∂νφ)

2
− V (φ)

Q =
1

4π

�

R2

φ · (∂1φ× ∂2φ)d
2x

Q ∈ Z = π3(S
2)

φ : S3 → S2; φ∞ = (0, 0, 1)

φφ11 ++ iiφφ22 →→ ((φφ11 ++ iiφφ22))eeiiαα Residual SO(2) symmetry



Baby SkyrmeBaby Skyrme model: Applications

A HeisenbergA Heisenberg--type model of interacting spinstype model of interacting spins

A model of the topological quantum Hall effectA model of the topological quantum Hall effect

ChiralChiral magnetic structuresmagnetic structures

A model of ferromagnetic planar structuresA model of ferromagnetic planar structures

Applications in future development of data Applications in future development of data 

storage technologiesstorage technologies

Models of condensed matter systems with Models of condensed matter systems with 

intrinsic and induced intrinsic and induced chiralitychirality

Rößler et al.  

Nature 442 (2006) 797 



O(3) sigmaO(3) sigma--model model vsvs ����11 modelmodel

Stereographic projection:Stereographic projection:

Coordinates on the

projective space ��1

ZZ == uu ++ iiww ==
φφ11 ++ iiφφ22
11 −− φφ33

zz == xx ++ iiyy

((uu,, ww)) ==

��
φφ11

11 −− φφ33
,,

φφ22
11 −− φφ33

��

((φφ11,, φφ22 ,, φφ33)) ==

��
22uu

11 ++ uu22 ++ ww22
,,

22ww

11 ++ uu22 ++ ww22
,,
11 −− uu22 −− ww22

11 ++ uu22 ++ ww22

��

==
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ZZ ++ ¯̄ZZ

11 ++ ZZ ¯̄ZZ
,, ii

¯̄ZZ −− ZZ

11 ++ ZZ ¯̄ZZ
,,
11 −− ZZ ¯̄ZZ

11 ++ ZZ ¯̄ZZ

��

Inverse transformation onto ��22

Domain space:

Target space:

LL ==
11

22
∂∂µµφφ

aa∂∂µµφφaa



����11 modelmodel

LagrangianLagrangian:: LL ==
∂∂µµZZ∂∂µµ ¯̄ZZ

((11 ++ ZZ ¯̄ZZ))22

Metric:Metric: ddSS22 == ((ddφφ11))
22 ++ ((ddφφ22))

22 ++ ((ddφφ33))
22 == 44

ddZZdd ¯̄ZZ

((11 ++ ZZ ¯̄ZZ))22

Kinetic energy:Kinetic energy: TT ==
||∂∂ttZZ ||

22

((11 ++ ZZ ¯̄ZZ))22
Potential energy:Potential energy: VV ==

||∂∂iiZZ ||
22

((11 ++ ZZ ¯̄ZZ))22

Holomorphic derivatives:

∂∂zz ==
11

22
((∂∂xx −− ii∂∂yy)) ;; ∂∂ ¯̄zz ==

11

22
((∂∂xx ++ ii∂∂yy)) ;; ddss22 == ddzzdd ¯̄zz

VV ==
||ZZzz ||

22 ++ ||ZZ ¯̄zz ||
22

((11 ++ ||ZZ ||22))22
ZZzz ¯̄zz == 22 ¯̄ZZ

ZZzzZZ ¯̄zz
((11 ++ ||ZZ ||22))

QQ ==
||ZZzz ||

22 −− ||ZZ ¯̄zz ||
22

((11 ++ ||ZZ ||22))22

Energy Field equations Topological charge density



����11 model: model: SolitonsSolitons

EE ==

��
||ZZzz ||

22 ++ ||ZZ ¯̄zz ||
22

((11 ++ ||ZZ ||22))22
ddzzdd ¯̄zz The energy is minimal if             ZZ ¯̄zz == 00

Cauchy-Riemann 

conditions for Z

Simplest Simplest holomorphicholomorphic solution:solution: ZZ == λλzz;; λλ ∈∈ CC == aaeeiiδδ

Z =
P (z)

Q(z)
=

λ(z − a)

z − b

Q=1:

Rational map Rational map holomorphicholomorphic solution of degree 1:solution of degree 1:



����11 model: model: SolitonsSolitons

Rational map Rational map holomorphicholomorphic solution of degree 8:solution of degree 8: ZZ ==
PP ((zz))

QQ((zz))
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����11 model: model: SolitonsSolitons

Rational map Rational map holomorphicholomorphic solution of degree 29:solution of degree 29: ZZ ==
PP ((zz))

QQ((zz))



Baby Baby SkyrmeSkyrme modelmodel

Potential of Potential of thethe baby baby SkyrmeSkyrme modelmodel:: potential potential termterm U(U(ϕϕ) ) may be chosen almost may be chosen almost 

arbitrarily, however must vanish at infinity  for a given vacuumarbitrarily, however must vanish at infinity  for a given vacuum field value in order to field value in order to 

ensure ensure existanceexistance of the finite energy solutions: of the finite energy solutions: 

Several potential terms have been studied in great detail:Several potential terms have been studied in great detail:

““OldOld”” model, with model, with 

HolomorphicHolomorphic model, with model, with 

““Double vacuumDouble vacuum”” model, with model, with 

KarlinerKarliner, Hen (2007), Hen (2007)

φa(0) = (0, 0, 1)

UU ((φφ)) == mm22((11 −− φφ33))

UU ((φφ)) == mm22((11 −− φφ33))
44

UU ((φφ)) == mm22((11 −− φφ2233))

UU ((φφ)) == mmαα((11 −− φφβ
β
33 ))



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Rotationally invariant ansatz: Q=1φφ11 == ssiinn ff ((rr)) ccooss ϕϕ;;
φφ22 == ssiinn ff ((rr)) ssiinn ϕϕ;;
φφ33 == ccooss ff ((rr))

EE == 22ππ

∞∞��

00

rrddrr

��
11

22
ff ′′
22
++
ssiinn22 ff

22rr22
((ff ′′

22
++ 11)) ++ µµ22((11 −− ccooss ff ))

��
Energy:Energy:

Topological charge:Topological charge: QQ ==
11

22

∞∞��

00

rrddrr

��
ff ′′ ssiinn ff

rr

��
==
11

22
[[ccooss ff ((00)) −− ccooss ff ((∞∞))]]

��
rr ++

ssiinn22 ff

rr

��
ff ′′′′ ++

��
11−−

ssiinn22 ff

rr22
++

ff ′′ ssiinn ff ccooss ff

rr

��
ff ′′

−−
ssiinn ff ccooss ff

rr
−− rrµµ22 ssiinn ff == 00

Field equation:Field equation:

ff ′′′′ ++
11

rr
ff ′′ −−

��
µµ22 ++

11

rr22

��
ff == 00

LinearizedLinearized field equation:field equation:

UU ((φφ)) == µµ22((11 −− φφ33))



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=2Q=1

Q=3
Q=4



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=5 Q=6

Q=6

Q=5



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Easy plane potentialEasy plane potential UU ((φφ)) == µµ22φφ2211

Q=1 Q=2 Q=3

Double vacuum  potentialDouble vacuum  potential

Q=1 Q=3 Q=6

UU ((φφ)) == µµ22((11 −− φφ2233))



UU ((φφ)) == mm22((11 −− φφ2233))((11 −− φφ2211))

Q=1 Q=2 Q=3 Q=4

Symmetry breaking Ward potential:Symmetry breaking Ward potential:



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Weakly bounding potentialWeakly bounding potential UU ((φφ)) == µµ22
��
αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44

��



FaddeevFaddeev--SkyrmeSkyrme model: Construction of the model: Construction of the HopfionHopfion

Loops in domain space S3   φφ :: SS33 →→ SS22

z

ϕ
ρ

FFµµνν ==
11

22
εεµµννρρφφ

aa∂∂µµφφ
bb∂∂ννφφ

cc == ∂∂µµAAνν −− ∂∂ννAAµµ

φ1 + iφ2 = sinF (ρ, z)einϕ+iG(ρ,z)z; φ3 = cosF (ρ, z)

Target space S2

Topological charge:Topological charge:

(Linking number)(Linking number)
QQ ==

11

88ππ22

��
εεiijjkkAAiiFFjjkkdd

33xx

FF ==
11

22
FFµµννddxx

µµ ∧∧ ddxxνν ;; ddFF == 00;; FF == ddAA

L = 1
2(∂µφ

a)2 − κ2

4

�
εabc φ

a∂µφ
b∂νφ

c
�2



HopfionHopfion from baby from baby SkyrmionsSkyrmions

Position curve

γγ((ss)) ∈∈ RR33

A = n cos2
F

2
dG+m sin2

F

2
dϕ A∧ F = nm cos2

F

2
dF ∧ dG ∧ dϕ

QQ == nnmm

Rational map: Rational map: ZZ :: SS33 →→ CCPP
11

Step 1:                  RR
33 →→ CC

22

ZZ ==
φφ11 ++ iiφφ22
11 ++ φφ33

((ZZ11,, ZZ00)) ==

��
xx ++ iixx22

rr
ssiinn ff,, ccooss ff ++ ii

ssiinn ff

rr
xx33

��

Step 2: input 

configuration
ZZ ==

PP ((ZZ11,, ZZ00))

QQ((ZZ11 ,, ZZ00))

Axially symmetric hopfion QQAAnn,,mm ZZ ==
ZZnn11
ZZmm00



Buckled, linked and knotted Buckled, linked and knotted hopfionshopfions

1A1,1

Axially-symmetric

44AA22,,22

55 ��AA55,,11

Buckled

Linked

4L1,11,1

6L3,11,1

99LL2
2,,22,,22
11,,11,,11

9K3,2

8K3,2

Knotted

7K3,2



8 �A4,2

Position curves and linking numbersPosition curves and linking numbers

6L1,13,18K3,24 A4,1



SolitonsSolitons of the of the FaddeevFaddeev--SkyrmeSkyrme modelmodel

Q=1 Q=2 Q=3

Q=4 Q=4 Q=4

1A1,1 2A2,1 33 ��AA33,,11

4 �A4,1 4L1,11,144AA22,,22



SolitonsSolitons of the of the FaddeevFaddeev--SkyrmeSkyrme modelmodel

Q=5 5 �A5,1 Q=5 5L1,21,1 Q=6 6L2,21,1 Q=6 6L3,11,1

Q=7 7K3,2 8L3,31,1Q=8Q=8 8 �A4,2 Q=8 8K3,2



HopfionsHopfions with symmetry breaking potentialwith symmetry breaking potential

E = 1
2 (∂iφ

a)2 + 1
4

�
εabc φ

a∂iφ
b∂jφ

c
�2
+ V (φ)

V (φ) = µ2 [φ1 sinα− (1− φ3) cosα]
2

α = 0 α = π/2

V (φ) = µ2φ21V (φ) = µ2(1− φ3)
2

Vacuum boundary conditions:                    as  V (φ)→ 0 r→∞



Q=1 Q=1 HopfionHopfion (easy plane potential)(easy plane potential)

m=0

m=4

φφ11 == 11

φφ11 == −−11

UU ((φφ)) == µµ22φφ2211



Q=1 Q=1 HopfionHopfion (easy plane potential)(easy plane potential)

φ1 ∼
1

r
e−µr, φ2 ∼

1

r

µ = 0

µ = 4

φ3 ∼
1

r
e−µr



Q=Q=22

2( �A1 ≬ �A1)A2,1

2( �A1 ≬ �A1)A1,2



Q=Q=33

3( �A1 ≬ �A1)A3,1

3( �A1 ≬ �A1) �A3,1



Q=Q=44

4( �A1 ≬ �A1) �A4,1

4(L1,1 ≬ L1,1)A2,2

4(A1 ≬ A1)A4,1



Q=Q=55

5(A1 ≬ A1) �A5,1

5(L1,2 ≬ L1,2)L1,2



Q=6Q=6

6(L1,3 ≬ K3,2)L1,1
1,3

6( �A1 ≬ �A1) �A6,1

6(K3,2 ≬ K3,2)A3,2



Q=7Q=7

7(L2,21,2 ≬ K3,2)K3,2

7(K2,3 ≬ K2,3)K2,3

7( �A1 ≬ �A1) �A7,1



V (φ) = µ2 (φ1 − 1/3)
2

2(A1 ≬ �A1)A2,1

4(L1,1 ≬ L1,1)A2,2

6(K3,2 ≬ K3,2)K3,2



Gauged Gauged FaddeevFaddeev--SkyrmeSkyrme modelmodel

SO(2) > U(1) unbroken symmetry group

(φ1 + iφ2) = φ⊥ → φ′⊥ = Uφ⊥; U = eigα

Field equations:Field equations:

AAµµ →→ AA′′µµ == AAµµ ++
ii

gg
UU∂∂µµUU

−−11

  JJµµ ==   φφ ×× DDµµ  φφ −−DDνν
  φφ((DDνν   φφ ··   φφ ×× DDµµ  φφ))Current:Current:

L = −
1

4
F 2
µν +

1

2
Dµ

 φ ·Dµ φ−
1

4

�
Dµ

 φ×Dν
 φ
�2

Dµ
 Jµ = 0

∂µF
µν = 2g n ·  Jν

Fµν = ∂µAν − ∂νAµ; Dµ
 φ = ∂µ φ+ gAµ φ×  n

φ : S3 → S2;  n = (0, 0, 1)



Magnetic field: knots and linksMagnetic field: knots and links

Magnetic fluxes follow the curves of C± = φ−1(0, 0,±1)

Q=1 Q=3 Q=4 Q=5

Q=6 Q=8 Q=8Q=7



Summary and OutlookSummary and Outlook

Explicit form of the potential strongly affects 

structure of the multisoltion solutions

Symmetry breaking potentials yield fractionally 

charged solitons of the Skyrme-like models

Magnetic Hopfions have different structure than the 

usual solitons of the Faddeev-Skyrme model

In the strong coupling limit the magnetic field of the 

gauged Hopfions is quantized. 

Gauged solitons with symmetry breaking potential? 

Dynamics of the solitons in the models with 

symmetry breaking?    



Thank you!Thank you!
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