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Motivation

o QFT is hard.
divergencies, perturbation theory is asymptotic, renormalization issues

Functional finite-dimensional integral
integral over some space of matrices
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Motivation

o QFT is hard.
divergencies, perturbation theory is asymptotic, renormalization issues

Functional finite-dimensional integral
integral over some space of matrices

@ Arise naturally (e.g. N'=2 YM-CS U(N) theories):

SUSY Functional finite-dimensional integral

tegra 7
integr localization (over Cartan subalgebra)
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Motivation
o QFT is hard.
divergencies, perturbation theory is asymptotic, renormalization issues

Functional finite-dimensional integral
integral over some space of matrices

@ Arise naturally (e.g. N'=2 YM-CS U(N) theories):

finite-dimensional integral

SUSY Functional
(over Cartan subalgebra)

integra

—

localization
o Kazakov-Migdal model for QCD

Z= / [ dox [ [ldUy eV,

Xy

S, Ul == NtrV(de) + Y Ntrg, Uy U,
X Xy
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Hermitean Gaussian matrix model
Partition function, normalized averages

tr¢>2
/ Hdéf’quqﬁudcﬁue*iW (F()) = J1ddle™2""f(¢)

Z
Ni 1 i<j
The correlators

Chayoey = (trg™ . trghr)
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Hermitean Gaussian matrix model
Partition function, normalized averages

2= [ TlaosTLavndie " 0y = L1270

Hy 71 i< V4
The correlators
Chyoooky = <trgz§k1 ...tr¢k">
Can diagonalize ¢ = UAUT, A = diag(\1, ..., \n)

/ dh...dx, [TV = N) exp(——ZN:)\>

i#j i=1
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Hermitean Gaussian matrix model
Partition function, normalized averages

I 5o~ 310’ dole—3tre’
Z:/H [T den][doyddze =%, (f(¢)) = J1déle (¢)

N j=1 i<j z
The correlators
Chayoey = (trg™ . trghr)
Can diagonalize ¢ = UAUT, A = diag(\1,...,\,)
o . L .
Z= /_Oo dA; . ..d/\,,g(A,- — )\j)%exp <_2§A,>

Can consider formal generating function

9] N
"
Z(E) = <eXp (tON + Z t Z)\f(> > ) Ckl,m,kn = 3. a3,
— = 6tk1 ... 0t

kn
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Ward identities, Virasoro constraints via full derivatives
Insert S0, AT n=—-1,0,1,... and use [dAZ(...) =0

Aleksandr Popolitov (Department of Physics and Astrd. g-Virasoro constraints from q-difference operators



Ward identities, Virasoro constraints via full derivatives
Insert Z,Nzl 3%’_)\,5'“, n=-1,0,1,..and use [dAZ(..)=0

Z %A,’-’H [T = =TIN=») Z (Z A;:f) (Z Ain_a)

i#] i#]
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Ward identities, Virasoro constraints via full derivatives
Insert Z,Nzl 3%’_)\7“, n=-1,0,1,..and use [dAZ(..)=0

Z@)\ )\n+1H (i —)\)—H(Ai—kj);(ZA?) (ZA:‘,_‘?)

i i

Z)\f’“—exp __Z/\2 = exp ——ZA2 ZA;’“

i i
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Ward identities, Virasoro constraints via full derivatives

Insert 2 A n=-1,0,1,... and use [dAZ(..) =0
Zm NATTO =M =TT =3 (320) (S ar?)
i ] par

Z )\,'-'H exp —= Z M) = exp(— 5 Z A)( Z >\7+2

i i

ZA?H 86)\ exp <t0N+Zth/\ > = exp ( (Zt kZ)\k+">

1

Can rewrite as a system of PDEs on Z(f):

o d > 9
<§%858m_a_é%ma'%;;k“8n+

) Z(t)=0, L,Z(t)=0
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The Virasoro algebra

L, commute like
[Ln,Lm] = (n—m)Lnim
and so do /, = Y7, 2 AT

[/,,, Im] - (n - m)/n+m

Aleksandr Popolitov (Department of Physics and Astrd. q-Virasoro constraints from q-difference operators



Virasoro constraints on the level of correlators

<§ Ita0tn—s - 8tn+2 + Z Ktk (9tk+n> Z(E) =0

k=0
imply that
n m
Cotoky,km = Can—akq,.. by + E ki Chy,. ki1,
a=0 Jj=1
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Virasoro constraints on the level of correlators

<Z ataatn a atn+2 - Z ktka k+n> Z(F) =0

k=0
imply that

n

Cotoky,km = Can—akq,.. by + E ki Chy,. ki1,
a=0 Jj=1

+ initial conditions
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The (q, t)-deformed Gaussian model
We want to preserve a simple property
(1-49")

< AP >py_1= (p — 1)”(5[,‘2 ((77; < AP >py_1= [p — 1]q!!6p|27 [n]q = (1 — q)
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The (q, t)-deformed Gaussian model

We want to preserve a simple property
(1-49")

< AP >pno= (p — 1)”5p\2 (qT; < AP >pn= [p - 1]q!!5p|27 [n]q = (1 — q)

We change all the ingredients accordingly

o0 m)\i
= (-3

[T =) ST v =™ 2 [T e ] G
i£j :’qﬁ i m=0 i H (1 _ q5+m>\_'> i
m=0 J
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The (q, t)-deformed Gaussian model

We want to preserve a simple property

(1-qg")
AP >yoi=(p— 16 AP >no1=[p— 1 M0 =-—"2
< >y=1= (p ) p|2 (qT; < >n=1=[p ]q pl2> [”]q 1-q)

We change all the ingredients accordingly

o Ai — ﬁ’< )

[T =) =TT TT > —a™) o H AN
i#i (@) i m=o AT ( g+m )
m=0 j
1 o0
ex __)\2) ( > 2m—+2 1— )\2
p( ) e\ @ n];[o — "2 (1 - q)\%)
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The (q, t)-deformed Gaussian model

We want to preserve a simple property

(1-qg")
AP >yoi=(p— 16 AP >no1=[p— 1 M0 =-—"2
<A >yo= (p— 1)U o A= [P —1]g!"0pp2, [nlq =)

We change all the ingredients accordingly

0o A;
-1 11 (1 - qm) o

o= S I T - 2 1= I

i & i m i ’1‘:[0 (1 g’ ;J)

oo (3) g ()T e

m=0

1
Vg

[ar—sitzn [ darry 1—q>qu [F(va") + F(—va")], v =
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The (q, t)-deformed Gaussian model

We want to preserve a simple property

(1-qg")
AP >yoi=(p— 16 AP >no1=[p— 1 M0 =-—"2
<A >yo= (p— 1)U o A= [P —1]g!"0pp2, [nlq =)

We change all the ingredients accordingly

0o A;
-1 11 (1 - qm) o

o= S I T - 2 1= I

i & i m i EO <1 g’ ;J)

oo (3) g ()T e

m=0

1
Vg

/d/\(q—>fr?§e"§f’a?/d>\f 1—q)2vq [F(vg") + F(—va™)], v =

k
exp ( E txA* ) does not change
Aleksandr Popolitov (Department of Physics and Astr¢  g-Virasoro constraints from g-difference operators 1 June 2018 7/15



g-difference operators

The full derivative vanishing

/d)\%(...) =0 (;; /qu; (AT = 1) (...) = 0, where ATf(X) = f (¢}
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g-difference operators

The full derivative vanishing

/dA%( )=0 — = /d A~ (AT =1)(...) =0, where ATF(\) = f (g71\)

The full g-difference operators

Zax AT (qt)z)\< )AHHH)\—)\ n=-L01...

J#i
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Some details about the derivation

i A
(o) ()
et ey

Ae, <[§]> e, <[§]) (1-(1-a)

oo

0 N 0
Mep [ Y td M| =ep | D td A |exp (Z B (g7"

k=1 j=1 k=1 j=1 k=1

Rewrite extra pieces as a sum over residues

dw n+1 qw —
1—
j{—ki/q ( H - >\ <

Move integration contour to the one around 0 and oo
Calculate the residue at oco.

o0

Residue at 0 extracts a certain coefficient of Laurent expansion at-0.
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Ward identities generating equation

After some massaging, the following equations can be obtained

- - (1-1t) 1
tQ 7 (1-q*(1— q)y?) exp (;(1 - qk)tkyk> z (tk S b+ 77)
_ +—k
+qQZ (tk b+ wi‘()
k y

oo
—(@+0)Z(t) —yt(1— )t Z () = > cmy™?
m=0
from which we can select a specific degree components in y and t

_ 1-tk) 8
tQ g% (1 — q)smy2 (Pk = %*) Zgi2
gk Otk

-1 (1 - tk) 0 )
e - Z
tQ™ "sm (Pk & on )%
d—m 9
_ _ .k _ _ sk
+4qQ ; sp (e = —(1 = g“)ktx) spim (pk —(1-t )—atk) Z

—0m,o(q+t)Zg + 0m,—19(1 — q)t1 Zy,
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Ward identities in terms of correlators

—

And using explicit formula for the Schur polynomials s, (p) we can write for correlators

_ 1 (1—the
tQ g2 (1 Cl) (qT)CM...A.
(1-1%)
=-tQ '¢*(1 - q) E HT G de_1p1- et
e U o 9
I(7)>2

—00e,2(a +)Cx . ng_; T 0xe,1((#21) = 1)g(1 — q)Cx;..ne s

Q™ Z I(/lt)- (H (lq_ata)> CareoAe_1p1- e

[|=Xe—2 acfi

+aQ > (H(—l)(l—qa)) S /(;)! (1-[ (1—t‘>> ot

VCA\Ae \aEv |2 =Iv]+Ae—2 acit
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Relation to the g-Virasoro
We can rewrite Ward identities in the form

Z(t) = (p1/2+p’1/2) Z(B)+0-y+ Y cmy”
m=2

T(y)=>.2__ T,z "is the g-Virasoro current (p = gt~ 1)

n=—0o0

1 _ o0
T(Z) :p1/2 exp < z: : +; ann 2"t "p n/2) exp (_2 :(1 _ tn)‘:’znpn/2> q,Bao
n=1
1—t"a_
—-1/2 a—-n 2 n —n_—n/2 -8B
p / exp(E itp Zhn n/>exp(n§ 1:(1—t") "p n/> a0

and one identifies

iy D (1 g
_ n/2t. n/2_ Y _ n/2 n/2 ¢
dp q 8tn =dq ( — tl"‘) n
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Applications and open questions

@ Observables in A/ =2 YM-CS theory on S3
SUSY Wilson lines <+ (sy)

@ Averages of Macdonald polynomials are nice

(1 _ Q)k/2> 1— tN+1—iqj—1

(M) = My (Pk = (1+(-1)9 D) 1-g

(i )EX
@ Loop equations, topological recursion and Givental formalism for CohFTs?

o W-operator (cut-and-join) representation and connections to enumerative
geometry?

A s 32
W_, = bt,t b—2)t, —_—
2 Z <a b +(a+ ) +b+28taé)tb>

Aleksandr Popolitov (Department of Physics and Astr¢  g-Virasoro constraints from g-difference operators 1 June 2018 13 /15



To summarize:

@ (qg,t)-Gaussian matrix model has a large set of symmetries that form
g-Virasoro algebra;

@ These symmetries can be easily derived using insertions of g-difference
operators;

@ There are many exciting open questions to which this g-Virasoro symmetry
could be applied.
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Thank you for your attention!
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