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Wormbholes and semiclosed worlds

Penrose theorem
@ Noncompactness of the Cauchy hypersurface.

@ Null Energy Condition (NEC): G,,n*n” > 0 for any null vector n*,
Guw = Ry — %Rgu,,; for minimal coupling to gravity: T,,n*n” > 0.

@ Trapped surface = Singularity.

v
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Galileons and Horndeski

«Galileon»

A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev. D 79, 064036 (2009)
doi:10.1103/PhysRevD.79.064036, arXiv:0811.2197 [hep-th].

@ Invariance under O*m — OHm + b*, where b* is a constant vector.

@ Second order field equations despite the second order derivatives
in the Lagrangian.

First article

G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974)
doi:10.1007/BF01807638.
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Horndesky theory

S= d4X(£2+£3+£4+£5)

Ly =K(¢, X),

L3 = — G3(¢, X)Oo,

La =Ga(¢, X)R + Gax [(O0)* = (V. V., 9)?]
Ls =Gs(¢, X)Gu, VHVY ¢

— £ Gox [(09)° ~ 309(V,Vu6)? + 2AV,Vu6)]

_ 1 _ )
X =—5V,oVHe, U =V, Vi,
R — scalar curvature;
Guw = Ry — %gWR — Einstein tensor;
metric signature (—, +, +, +).
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Stability conditions

Metric

General form

ds®> = —a

2(r)dt? +

dr?

b2(r)

+ c2(r) (d6? + sin® 0dy?)

e Gauge a(r) = b(r).
e Asymptotic behaviour: a(r) — 1, c(r) — |r| as r — £oo.

@ ¢(r) behaviour:

N

c(r)

7
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Stability conditions ﬁ‘

Spherical harmonics

o
s(t,r,0,p) = Z Z sim(t, )Y/ (0, ¢),

1=0 m=—1
2l Y
Va(t7 r, 07 90) :v3¢1(ta r, 97 90) + E:qu)z(tv r, 97 QO),
v
Tap(t,r,0,0) =VaVpW1 + vapVa(t, r,0,0)
+

1 v v
5 <E§VCVbW3(t, r,0, (,D) + Egcha\U3(t, r,o, (p)) .

Yab IS S2 metric;
¥
V. is covariant derivative for v,p;

E.p = /dety eap, €ap — Levi-Civita symbol, g9, = 1;
®q, &y, Wy, Vs, V3 are scalar functions;
Y/ (6, ) are spherical harmonics.
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Perturbations (terms with E,p)

5¢ - 0, htt — 0, htr — O, hrr — 0,

00 /
hea = Z Z ho,im(t, r)Eab@bY,’"(@,gp)v

=0 m=—1
00 /

hra = Z Z hy im(t, r)E.,dP Y™ (9, sp)'
I=1 m=—1

9] i
1 e T
hab = 5 Z Z h2,im(t, r) [Eacvcvbylm(ea(p) + Egvcvaylm(g’w)]
1=2 m=—I

Interval covariance under x* — x* 4 &+

o) /
=0 &=0, &= Y Aml(t,r)E0"Y(0,0).

1=0 m=—1
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Stability conditions 0Odd sector ﬂ,‘

Interval covariance under x* — x* 4 ¢H

by = by + V& + Vi€,

° gt =0, gr =0, Z Z /\lm(t r) ababylm(ey 80);

=0 m=-—1/

@ V,, is the covariant derivative for g,

ho.im — ho.jm + Nim(t, 1),
/

c
h17/m — h17/m + /\?m(t, r) + 2?/\/,7,(1', r),
ho im = h2,im + 2N\ (t, r).

Regge-Wheeler approach with | > 2
o h2,lm =0

@ m = 0 without loss of generality.
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Stability conditions 0Odd sector ﬂ,‘

Lagrangian for perturbations

I(1+1) :
(2):— 2 2 2 2
= DY [AG* — Bq”? — I(1 +1)Cq” — V(r)q?],
2 242 o o H? )
where A——az—g, B—ac—]__, C=aH,

e V/(r) — effective potential;
@ C-part — wave propagation along the angular direction.
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C2 ?‘[2 2 2%2 2
where A——az—g, B—ac—]__, C=a"H,

e V/(r) — effective potential;
@ C-part — wave propagation along the angular direction.

Stability conditions

T. Kobayashi, H. Motohashi and T. Suyama,
Phys. Rev. D 85, 084025 (2012); 96, 109903(E) (2017),

doi:10.1103/PhysRevD.96.109903, doi:10.1103/PhysRevD.85.084025,

arXiv:1202.4893 [gr-qc].
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Stability conditions
e F=2 (G4 + §¢’X’G5X - XG5¢) > 0 — radial direction,

@
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Stability conditions
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Stability conditions 0Odd sector ﬁ‘

Lagrangian for perturbations
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(2) S S A 2 2 2 2
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v

[ J: W SIVET=TEVA 0 I WV TS TG VAR ([N ARl No stable wormholes in Horndeski 31.05.2018 10 / 20



https://doi.org/10.1103/PhysRevD.96.109903
https://doi.org/10.1103/PhysRevD.85.084025
https://arxiv.org/abs/1202.4893

Stability conditions 0Odd sector ﬁ‘

Lagrangian for perturbations

I(1+1) :
(2) S S A 2 2 2 2
==+ AT =B~ + )Cq” = V(]
C2 ?‘[2 2 2%2 2
where A——az—g, B—ac—]__, C=a"H,

e V/(r) — effective potential;
@ C-part — wave propagation along the angular direction.

Stability conditions
e F=2 (G4 + §¢’X’G5X - XG5¢) > 0 — radial direction,

G = 2[G4 — 2XGyx + X (ad' c'¢/ Gsx + G5¢,)} > 0 — no ghosts,

o H=2 [G4 —2XGyx + X <a2%'qb’G5x 1= G5¢>} > 0 — angular dir.

v

[ J: W SIVET=TE VA 0 M WV TS TG VAR ([N ARl No stable wormholes in Horndeski 31.05.2018 10 / 20



https://doi.org/10.1103/PhysRevD.96.109903
https://doi.org/10.1103/PhysRevD.85.084025
https://arxiv.org/abs/1202.4893

Stability conditions Even sector ﬁ,‘

Perturbations (terms without E,p)

o ! 0o /
5= > 0om(t,r)Y"(0,90), he =a" > _ > Hom(t,r)Y"(0,9),

1=0 m=—1 1=0 m=—1
htr—ZZHllmtr)Y, 0,0),hir = 2ZZH2/mtrY, (6, %),
1=0 m=—1 1=0 m=—1
00 i 00 /
hea = > Bimda Y™ (0,¢), =Y > amd:Y{"(0,0),
1=0 m=—1 1=0 m=—|

o v v
hap = 2D~ D [Kim(t, 1720 Yi7(6,0) + Gim(£, 1) VaV6Y(60,0) .
=0 m=—1
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Stability conditions Even sector ﬁ,‘

Interval covariance under x* — x* 4 ¢H

hyw = b + V&0 + V0,

e V, is the covariant derivative for g,

Gauge functions

00 I

50 = Z Z T/m(ta r)ylm(97 90)1
1=0 m=—1
(] I

&=Y_ > Rm(t,r)Y"(6,%),
1=0 m=—/
o0 I

=YY Om(t,rd:Y"(0,%).
1=0 m=—1
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Stability conditions Even sector ﬁ,‘

Gauge transformations of perturbations

Ho,im(t, r) = Hom(t, r) + %T/m(t, r) — zjb2R,m(t, r),

Hyim(t,r) = Hym(t, r) + R(t,r)+ T'(t,r) — 22/ T(t,r),

Ho im(t, 1) = Ham(t, r) 4+ 262 R}, (t, r) — 2bb' Rim(t, r),
Bim(t, r) = Bim(t, r) + Tim(t, r) + Oum(t, r),
am(t, r) = am(t,r) + Rim(t, r) +©),(t, r) — 2CC,@/m(t, r),
Kim(t, r) = Kim(t, r) + 2b2CC/R,,,,(t, r),

2
Gim(t,r) = Gum(t, r) + ge,m(t, r).

o Gauge fixing: §(t,r)=0, K(t,r) =0 and G(t,r) =0.
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Stability conditions Even sector ﬂ,‘

Lagrangian for perturbations

1 1 1 .1 .
L= EIC,-J-\'/’\'/J — Eg,-jv’/vf/ - EQUV’VJI — EM,'J'V’VJ,
o /=1, J 1,
o vi=q, v? E&gb
2
° Ho=- W(”‘C‘M 0+ D).
/
°==2 [ XG3X+23— &' {Gax + 2XGaxx — (XGsg)x}

/2
+ G4¢ + 2XG4¢X — ?XG5X + 32?(3)((;5)( + 2X2G5xx)} .
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Lagrangian for perturbations

1 1 1 .1 .
L= EIC,-J-\'/’\'/J — EQUV’/VJI - EQUV’VJI — EM,'J'V’VJ,
o /=1, _] 1,
o vi=q, v? 55¢
2
° Ho=- W(”‘C‘M 0+ D).
/

°==2 [ XG3X+23— &' {Gax + 2XGaxx — (XGsg)x}

/2
+ G4¢ + 2XG4¢X — ?XG5X + 32?(3XG5X + 2X2G5xx)} .

Stability conditions

T. Kobayashi, H. Motohashiand T. Suyama, Phys. Rev. D 89, 084042 (2014)
doi:10.1103/PhysRevD.89.084042 arXiv:1402.6740 [gr-qc]

@ K11 >0, det € > 0 — no ghosts.
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Stability conditions Even sector ﬂ,‘

Stability condition det IC > 0

(- 1) +2)(2ccH + =¢/)2F (2P — F)

det € 5 > 0,
I(1 4 1)a*H2¢"? (2cc'H + =¢)
/ = 4/ 41 /4
where P; = QecH+=) d cH 5| -
2c7H? dr (2cc'H + =¢')
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Stability conditions Even sector ﬂ,‘

Stability condition det IC > 0

(- 1) +2)(2ccH + =¢/)2F (2P — F)

det € 5 > 0,
I(1 4 1)a*H2¢"? (2cc'H + =¢)
/ = 4/ 41 /4
where P; = QecH+=) d cH 5| -
2c7H? dr (2cc'H + =¢')

2P1—F >0 |
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No-go theorem

No-go theorem

Stability conditions
@ odd sector: F >0, H > 0;
@ even sector: 2P; — F > 0.

2 / E/ /
N R D L )

Q= 272 Q2

Q' Jfromrtor >r

@<—7f E——————— Q_l(r)—Q_l(r’)<—;/}"dr.
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()

No-go theorem

e Q7 %(r) <0 at some r:

Q) > Q! /}'dr

e Q7 (r') >0 at some r’:

Q)< Q! —/fdr

rl

If [F dr diverges at r — £00, Q has to be singular.
r
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No-go theorem

e Q7 %(r) <0 at some r:

Q) > Q! /}'dr

e Q7 (r') >0 at some r’:

Q)< Q! —/fdr

rl

If [F dr diverges at r — £00, Q has to be singular.
r

general relativity restores away from the wormhole

{G4—>M,/2

2
Gs = 0 at r - oo = F — Mp,.

.
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()
Singular Q

1 2
—~ =

_ 2ccH+ =¢
B c?H?

Q

— singular.
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¢
Singular Q

1 2
— = =
2cc'H + =¢'

Q=

— singular.

c2H?
@ c is bounded from below

= denominator is not equal to zero;
e H>0
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G
Singular Q

1 2
— = =
2cc'H + =¢'

Q=

— singular.

c2H?
@ c is bounded from below

= denominator is not equal to zero;
e H>0

e ¢’ is not singular ) )
) o = 1 is not singular;
o if H is singular @ — 0 not to co
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G
Singular Q

1 2
/ -
0 2ccH+ =¢ -
= — singular.
C2H2
@ c is bounded from below ) )
= denominator is not equal to zero;
e H>0
e ¢’ is not singular ) )
) o = 1 is not singular;
o if H is singular @ — 0 not to co
@ = is singular L
S the Lagrangian is singular.
e ¢ is singular
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Conclusions ﬁ‘

Conclusion

@ The analisys of both even and odd sector was made for / > 2 within
the Regge-Wheler approach.

@ Stability conditions were obtained. They coincide with
arXiv:1202.4893 [gr-qc| and arXiv:1402.6740 [gr-qc]|.

@ No-go theorem proved: there are no static sperically symetric
Lorentzian wormholes in Horndeski theory.
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