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Wigner transformation on the lattice,
Momentum space topology

Anomalous Quantum Hall Effect,
(the absence of) Chiral Magnetic Effect,
Chiral Separation effect

Analytical methods in lattice field theory have
been applied both to the relativistic QFT and to
the solid state physics



Topological insulators, Weyl semimetals, lattice
regularized relativistic quantum field theory

ﬂgpological invaria>&\
— | X

Nondissipative current \ /

Anomalous quantum Hall effect

BB E sbecial direction

J=M /4pir2 E
Weyl semimetals M = [distance between the Weyl points in momentum space]

Topological insulators M = const/a = integer x [vector of inverse lattice]



Topological insulators, Weyl semimetals, lattice
regularized relativistic quantum field theory

ﬂ{pological invariz}&\
Nondissipative current A /

Chiral magnetic effect

J . ——— H . magnetic field direction

J=M/2pi*2 H

Dirac semimetals

massless relativistc fermions (heavy ion collisions)



Topological insulators, Weyl semimetals, lattice
regularized relativistic quantum field theory

ﬂ{pological invariz}&\
Nondissipative current A /

Chiral separation effect

J_5 H\ magnetic field direction

Dirac semimetals

J.5=M/2pi*2 H

massless relativistc fermions (heavy ion collisions)
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Plan

1. An ununsual exercise on the analytical methods in
lattice quantum field theory :

Wigner transform in compact momentum space ==>
J = [top.invariant in momentum space]x[field strength]

2. Applications :

- Equilibrium CME does not exist because the
corresponding top. Invariant = 0

- AQHE in 2+1 D, 3+1 D topological insulators, and in 3+1
D Weyl semimetals

- Chiral Separation Effect for massless or nearly massless
systems



Unusual analytical methods in lattice field
theory

1) gauge field in momentum representation as the
pseudodifferential operator

2) Wigner transformations

3) Derivative expansion



We work with the wide class of lattice models

example

Wilson fermions Z = /D@DlIJ e}{p( — Ef(rm)(—mrn,rmﬂ’(rn))
1 | | -

Dyy = D) Z[(l + ) 0xre, gy 4 (1 — 1) 0 e, yeiAx—eiv] + (m®) 4+ 4)6,,

The lattice:

o )

Fermions are attached to the sites (points). \
Gauge field is attached to the links that connect sites.



the model is defined in momentum space:

:/D@Dkllexp(— N (T/lpq’(l))gl(p)q’(l)))

coordinates are discrete ==> momentum space is compact
(electrons in solids and lattice regularized QFT)

In coordinate space U(r) = / P ipry,
M

W (p)

/D\I'Dllie}{p qu r, [ (—id,) U (r )]r_rn)

Example: Wilson fermions (=simple model of top.insulator)

= (St i p>)‘1

gr(p) =sinpg, m(p) =m® + Z (1 — cospg)
a=1,2,3,4



How to introduce the gauge field

7 = /D@D\IJ e}:p( — /M de‘I’(P)g_l(p)\P(P))

M|
In momentum space: A g .
P 0 =G7}(p— Alid,))
Piy---Pin ==> % Zpermutations(ﬁil o Ah)“'(f}in o A%n)

' d"p-. o
z = / DIDW exp( - /M ot (0190, p) ()
For the Wilson fermions the equivalence is exact. For the

other models it is up to the irrelevant terms ~a”2 x field
strength

Gauge field appears as the pseudo — differential operator
INn momentum space.



Wigner transformation in momentum space (lattice models)

1 _ _
Two point G(p1,p2) = E/DLDD\D U(p2)¥(p1)
Green function iPp_ .

exp( = | T VP20 p)V ()
Wigner transformation:

% i iPR ;
M|
In coordinate space:  G(R.p)= > ¢ PG(R+r/2.R—r/2)
G(I‘l,rg) = %/D\IJDLP @(rg)lﬂ(rl)
1 -
e};p( ~3 Z [\IJ(rn) [g_l(—ac)r
—AE)U()| o+ (he))



Wigner transformation in momentum space

1 o
Two point G(p1,p2) = E/D‘I’D‘I’ U(p2)¥(p1)
Green function dPp -

exp( = | T VP20 p)V ()

Wigner transformation:
D
GR.p) = [ Tore™RG(p+P/2p P/
Groenewold equation 1 = Q(R.p)*G(R,p)

Weyl symbol of operator

Wigner transform of 5 g ) — /dDKdDPQEPRﬁ(p _P/2—K)
matrix element .

x Q(idg.K)é(p + P/2 — K).



Wigner transformation in momentum space

1 _
Two point G(p1,p2) = E/D‘I’D‘I“P(pz)ll’(pl)

Green function N (_ (p_p@( (600 )8 ))
Wigner transformation:

- dDP iPR
GR,p) = ik G(p+P/2,p—P/2)
Groenewold equation 1 = Q(R.p)*G(R,p

Weyl symbol of operator
If O(r,p)=G""(p— A(idp)) ==>Q(r,p) = G~ (p — A(r)) + O([0:4;,]*)

For Wilson fermions the relation is exact if the field strength
IS constant



Electric current

dPp - 0 [x -1
ER) — / TrG(R,p)— |GO(R.
7 (R) L T = A ..p)d_pk[ ( ,p)}

\
(2m)"

Slog Z =Y n_n. i"(R)6AL(R)|V|



Solution of the Groenewold equation

g i e

GR.p) = GOR,p)+GYR.p)+..

i olao] o) -
o — Ao GO _L G 4,:(R)
with GOMR,p)=G(p— AR)) Q=G"'(p—A(id,))

J = /D@Dllie}{p(—/M Cp—p@(P)QA(iﬁp,p)\D(p))



Response of electric current to the gauge field

PRy = PRI+
” —1
9| c:(0)
D ) d[@ (R,p)]
jOFR) = P rGO(R,
MR = [ ST EO®Rp)
with
_ .
](1)k(R) - pt’i jkIMgAij(R)._
M; = /Trugd4p
Topological invariant | ) -
34+1 D ) oG~ 0G 9G—1
vy — —ﬁﬁz‘jks [g _ - e ]
3! 8w Op; Op; Opk

To have the well — defined expressions we need:
1) Ultraviolet regularization MASSIVE
2) Infrared regularization LATTCE FERMIONS



Lattice regularized quantum field theory

i B 7z = [pipwen(~ [ HPHwIQ0 p¥)

gauge field as the pseudodifferential operator in momentum
space

ey

1 Q=G " (p—A[d.))

Wigner transformation of the Green function, Weyl symbols of

operators KR) - / d%p TrG(R, )a [C(D)(R )}_1
B ™ - v Pop T

Derivative expansion. Iterative solution of the Groenewold

equation 1 = Q(R.p)*G(R, p)
_QRpeg(aR apaR)GRp

ﬂ@oglcalm\h\ ><
Nondissipative current \ /




Applications

1. Equilibrium CME



M.A.Zubkov, « Absence of equilibrium chiral magnetic effect »
arXiv:1605.08724, Physical Review D 93, 105036 (2016)

This work argues that the simplest version of this effect does not
exist. The presented analytical proof is valid for the wide class of
systems both in condensed matter physics and in high energy
physics




Heavy ion collisions ==> fireball of the quark — gluon plasma ==>

==> massless fermions + magnetic field




A Weyl semimetal is a solid state crystal whose low
energy excitations are Weyl fermions. A Weyl semimetal
enables the first-ever realization of Weyl fermions. It is a
topologically nontrivial phase of matter that broadens the
topological classification beyond topological insulators
The Weyl semimetal, in which the Weyl points of

opposite chiralities coincide is called Dirac semimetal
.



file:///wiki/Crystal

Chiral Magnetic Effect (CME) is the appearance of electric current in the
direction of the external magnetic field in the presence of chiral chemical
potential

T

y

J=M/2pi"2H M=mu 5?7

Pre — history: the existence of chiral magnetic effect was proposed in

A. Vilenkin, Equilibrium parity-violating current in a

magnetic field, Phys. Rev. D 22, 3080 (1980).
This proposition was later repeated in

K. Fukushima, D. E. Kharzeev, and H.J. Warringa, Chiral
magnetic effect, Phys. Rev. D 78, 074033 (2008).

and in the sequence of the other papers



Chiral Magnetic Effect (CME) is the appearance of electric current in the direction
of the external magnetic field in the presence of chiral chemical potential

Later the existance of the equilibrium bulk static CME was questioned.

S.N. Valgushev, M. Puhr, and P. V. Buividovich, Chiral
magnetic effect in finite-size samples of panty-breaking
Weyl semimetals, arXiv:1512.01405.

P. V. Buividovich, M. Puhr, and S.N. Valgushev, Chiral
magnetic conductivity in an interacting lattice model of
parity-breaking Weyl semimetal, Phys. Rev. B 92, 205122
(2015).

P. V. Buividovich, Spontaneous chiral symmetry breaking
and the chiral magnetic effect for interacting Dirac fermions
with chiral imbalance, Phys. Rev. D 90, 125025 (2014).
P. V. Buividovich, Anomalous transport with overlap fer-
mions, Nucl. Phys. A925, 218 (2014).



Chiral Magnetic Effect (CME) is the appearance of electric current in the direction
of the external magnetic field in the presence of chiral chemical potential

Later the existance of the equilibrium static bulk CME was questioned.

Weyl semimetals M. Vazifeh and M. Franz, Electromagnetic Response of
Weyl Semimetals, Phys. Rev. Lett. 111, 027201 (2013).

Analysis based on the attempt to apply Bloch theorem

N. Yamamoto, Generalized Bloch theorem and chiral trans-
port phenomena, Phys. Rev. D 92, 085011 (2015).



We start from the lattice model with massive fermions that describes lattice regularized
quantum field theory or the insulators whose excitations are described by massive
Dirac action (in solid state physics).

H

T

J=M/2pi"2H M=mu 57
Chiral imbalance is described by the appearance of the chiral chemical potential

Green function (without external magnetic field) is:

G(p) = ( > Yo or(p) + iy us — im(p)) -
k

Example : Wilson fermions

gr(p) =sinpr, m(p)=m@ + 3 (1-cospa)
a=1,2.3.4



3+1 D Chiral Magnetic Effect

In lattice models "
we obtain for the first time JPER) = 5T MA;(R)
My s responsible for the

CME

_ 3 4
In continuous models M = / Trvdp
this follows trivially

from Feinman diagrams B U oG~ 0G 9G~1
4x4 Green function A= Torg. gy Uk

Op; Opj Opk
k N : =
g(p) = (Z’} gk(P) + 17"y s — 2-'???«(1)))
k

gr(p) =sinpr, m(p) = — m® 4 Z (1 — cospg)
a=1,2,3.4



My Is responsible for the CME  AM; = /Tr v d*p
g6 8G 4G *

U] = ————— €;q
E 3182 M [g Opi Op; Opk

=)
(Z Y Q,l;; + 17y " ,u5 —m (p)) gk(p) = sinpx, m(p) = m© 4 Z (1 — cos pa)

(Wilson fermlons at m _0 =0 is the simplest model of Dirac semimetal)
p

“m_0= o © m_020 ~ m_0=0

mu 5#0 mu_5=0 mu_5=0

M4=0

Poles of the Green function may appear for the nonzero
. 2
Mu_Sit g2 )+ (15 £ 1/3(p) + 63(p) + 3(P)) +m3(p) =0




We considered lattice models with both massive gnd massless fermions that describe
lattice regularized quantum field theory or the insulators and Dirac semimetals
whose excitations are described by massive/massless Dirac action (in solid state

physics).
A

J=M_4/2pi"2H M_4=0aslongasmu_5isnonzero
Chiral imbalance is described by the appearance of the chiral chemical potential

Green function (without external magnetic field) is:

G(p) = ( > Y*ar(p) + iv*y us — im(p)) -
k

There is no equilibrium CME



IN WHICH FORM THE CME MAY SURVIVE ?

H E

T

1) nonequilibrium CME in Dirac semimetals in the presence
of real or emergent magnetic field (say, due to the
dislocations)

the chiral anomaly produces chiral Imbalance

this production requires energy taken from the job
performed by the electic field.

This assumes existence of electric current j

JE = energy created while pumping the pairs from vacuum =>
J=7



IN WHICH FORM THE CME MAY SURVIVE ?

H~rotl E~-dl/dt

T

2) CME in He3-A, wheremu_ 5~I(v_.n-v_s), L~mu 5AH

The applied technique for the calculation of the CME current
does not work here because :

- the problem is not equilibrium

- the gauge field is emergent rather than real



IN WHICH FORM THE CME MAY SURVIVE ?

H

T

3) Quark —gluon plasma : nonequilibrium CME contributions
to the kinetic equations in the presence of the chiral
imbalance?

Chiral imbalance that is described by chiral density rather
than the chiral chemical potential ?



Applications

2. AQHE in 2+1 D, 3+1 D topological insulators, and in
3+1 D Weyl semimetals



M.A.Zubkov, « Wigner transformation,
momentum space topology, and anomalous
transport » arXiv:1603.03665, Annals Phys.

373 (2016) 298-324



Hall effect is the appearance of electric current in the direction orthogonal to the
external magnetic field and external electric field.

Qauntum Hall effect is the quantized Hall effect
J=N/2pi E

Anomalous Quantum Hall (AQHE) effect is the appearance of quantized current
orthogonal to electric field without any external magnetic field (experimentally
discovered in 2D materials).



AQHE Hall effect is the appearance of electric current in the direction orthogonal to the
external electric field.

E selected direction

J=M /4pir2 E

Weyl semimetals

M = [distance between the Weyl points in momentum space]

Topological insulators

M = const/a = integer x [vector of inverse lattice]



Response of the electric current to the gauge field

FR) = JOFR) +OFR) 4
~[= =
jORR) = /(;ii)pD TT(?(D)(R.p)d[G(U);Zp)]
2+1 D
FJUORR) = iE”kMA@-j(R),_ M:/de3p
C _3!;2 €ijk [G(D)(R,p)a[ém)f}zp)] a[é“;;?:l))]a[éw)(gzp)}l



2+1 D Anomalous Quantum Hall effect clean 2D top.

Insulator
e We reproduce
E = (B, B,) as Ay, = —iE, Jfan = %Ng " E;

~ 1
Ny = —55Tr /g—ldgz\dg—lng G.E.Volovik,

. JETP 67 (1988), 1804 — 1811

G.E.Volovik “"M

(Momentum space
topology in
condensed matter
and beyond)




2+1 D Anomalous Quantum Hall effect clean 2D top.

Insulator
e We reproduce
E = (B, Ey) as Ay, = —iFE, Jfan = %Ng "' E;

- 1
N3 = — Ir /Q_ldgf\dg_lf\dg G.E.Volovik,

N2
= JETP 67 (1988), 1804 — 1811

In the particular case of the non — interacting system it is

dto
. ¥ e 2
G l=iw—H . = = J. /dpfﬂ:f
k:£5 <0
Fij = 0;A;j — 0;A; A; =ik, plo; |k, p) Berry curvature

D. J. Thouless, M. Kohmoto, M. P. Nightingale, M. den Nijs,
Phys. Rev. Lett. 49, 405 (1982)



2+1 D Anomalous Quantum Hall effect

Jtran = LN g
Bulk — boundary correspondence B} g e

:

L 1 |
U=-V/2 Ng = _24’}'T2Tl‘ /g—ldg/\dg—l/\dg | U=V/2

'

\ /(/
Nonzero E

In the presence of disorder the total current is given by
N 3/2pixV =J left—J right

and is carried by the boundary gapless fermions

(we use relativistic units)




3+1 D Anomalous Quantum Hall effect 3D top. insulator

. L | 1 |
We obtain for the first time Jiran = 53 M €M E;
1 9G—1 OG IG1
N
M 342 I / plr|g dp; Op; Opg

In the particular case of the non — interacting system it is
reduced to

) (il ,
G l=—ivw—H M) = e Z /dp]:—a:j

occupied

Berry curvature  Fi; = 9iA; — 9 A, Aj = i(k. ploj|k. p)



An ordinary
topological insulator




A topological insulator is a material with non-trivial
topological order that behaves as an insulator in its interior
but whose surface contains conducting states meaning that
electrons can only move along the surface of the material.

Conduction band

/" Surface states

Energy

Fermi level

________________________________________

Valence band

Momentuin

For the ordinary topological Insulator the boundary gapless
states correspond to the Fermi points (the points in
momentum space where particle energy vanishes)



file:///wiki/Topological_order
file:///wiki/Insulator_(electrical)
file:///wiki/Electrical_conductivity

3+1 D Anomalous Quantum Hall effect 3D top. insulator

We obtain for the first time et = 4— M, HE;
M) = ﬁﬁjm /d4pﬁ[9 agp_: gi 8;}:]
2x2 Green function - — i (ZJ O p))
Sum over points, where g k=0 (k=1,2,3)
gr = 4 = =3 Z /y; n(ga(yi)) Res (y1)dp;
— \/Zk:1,2,3,4 92 1

Res (y;) = g~ e'7k /E( }ﬁz‘d@j/\d@k
Yi



3+1 D Anomalous Quantum Hall effect 3D top. insulator

) _ 1 -
Example Gl=iw—H tran = 12 M; Eijj

H =sinp1 o2 —sinpa ot — (m'® — ~ cosps + Z (1 —cosp;)) o

i=1,2

v < 1, and m(® € (=2 + v, —)

2T 27 27T 27
I = — —1)— —(—1) — = 27
My = S-Sl = (1) = T =2
_ 1
J;;Iaii — fjkgEj




3+1 D Anomalous Quantum Hall effect 3D top. insulator

Example G l=iw—H tran = 4— M; M E,

—1
= (Zfﬁkg;@(p) +7795(p) + 'tr-*gfr-*%(p)) g > 1, m@ > i 1
k

g1(p) = —sinpy.  ga(p) =sinpy.  g3(p) = g3 + sinps

94(P) =w, gs5(p) = m©) + Z (1 —cospq), b= const
a=1,2

S <

V6 12+ om0 122 > b




3+1 D AQH, top. insulator Jiran = 75 Mi M E;
Bulk — boundary correspondence

M is nonzero for [ = 1 only. /
M = [dpiNs(p1) /

| -y NGO 9GO H(G )~
o ) s Tr [
N3 (pl) = 312 €ijkl /dpgdpgdp4 Tr [G api apj apk ]

Index theorem: at each value of p_1 the jump of N_3 is
equal to the number of gapless chiral boundary modes.

We have N_3 Fermi lines on the xy and xz boundaries and
N_3 Fermi points on the yz boundary



A Weyl semimetal is a solid state crystal whose low
energy excitations are Weyl fermions. A Weyl semimetal
enables the first-ever realization of Weyl fermions. It is a
topologically nontrivial phase of matter that broadens the
topological classification beyond topological insulators



file:///wiki/Crystal

3+1 D Anomalous Quantum Hall effect for Weyl semimetal

Example G l=iw—H Jfﬁj’aﬂ — 12 M JME:E

—1

G(p) = (D~ ox(p) +795(p) +7*7b(p))
k

g1(p) = —sinps,  g2(p) =sinpr.  g3(p) = g\ + sin ps

94(P) = w, g5(p) = m©®) 4 Z (1 —cospq), b= const
a=1,2

(D) > /b2 — (m(0))2 1 > () \/ +sin 84)2 + (m(9)2 =

Two Fermi points K. = (0,0, 34,0)

i Br =B jkap the same expression may be
JHalt = g2 € obtained using effective
continous QFT



3+1 D AQH, Weyl semimetal Jiran = 75 Mi M E;
Bulk — boundary correspondence

~ermi
arc

M is nonzero for [ = 1 only. /'/

M = [ dpiNa(py) /'

0(G©)=1 oG 9(G(©))~1
Ip; dp; Opp. ]

1 .
N3(p1) — m €ijkl /dpgdpgd-p4 Tr [G(U)
Index theorem: at each value of p_1 the jump of N_3 is

equal to the number of gapless chiral boundary modes.

We have N_3 Fermi arcs on the xy and xz boundaries that
connect the bulk Fermi points, and N_3 Fermi points on the
yz boundary



Weyl semimetal TaAs

ee®
Figure 1 | Crystal structure and Brillouin zone of the Weyl semimetal



Weyl semimetal TaAs
12x2 Weyl points of two types 8 x W1 + 16 x W2

a
B
2
& W2
_— 0
©
o )
= Z
& 1 Q € z OW1
»
~0.5
T <0 >
0~ Yy __ ST
-0.5 0 T 0.5 W4



Applications

3. Chiral Separation Effect for massless or nearly massless
systems



Z.\V/.Khaidukov, M.A.Zubkov, "Chiral Separation
effect in lattice regularization" Phys. Rev. D 95
(2017), 074502



Chiral Separation Effect (CME) is the appearance of axial current in the
direction of the external magnetic field in the presence of chemical potential

H

| 5 T

-

-~
..*

J5=M/2pi*2H M=mu
A. Metlitski and Ariel R. Zhitnitsky,Phys. Rev. D 72 (2005), 045011



Reaction
plane

(*PR)\

X (defines ¥y)



CSE is the appearance of axial current along the external magnetic

field ] y
) _ ! E
) 272
k.5 5

. . i =4
[t - chemical potential, f*k — (? V<Y, ¥ = f"}D ;1 f2 f3

Anomalous Axion Interactions and Topological Currents in
Dense Matter Max A. Metlitski and Ariel R. Zhitnitsky,Phys.
Rev. D 72, 045011



Anomalous Axion Interactions and Topological Currents in
Dense Matter Max A. Metlitski and Ariel R. Zhitnitsky, Phys.

Rev. D 72, 045011

The current has been calculated via the direct construction of
spectrum in the presence of external field. The Hamiltonian is

H=—i(0; + feA;)q-fqu" 4+ m»},ﬂ



In the presence of exact chiral symmetry

In Euclidian space - time j>*(R) = (}A5Z[A5] roe

/ = f D)D) {:*:Xp( fu i; T (p)GL(p — A5f‘;.-'5)¢’r(p))

—1

5 dPp . O T
PER) = [ S5 T E(R ) [GO(R )

where G(p) = —i( X 7 &(p) — im(p)) v

GO(R.p)=G(p—7°A(R))



SK(R) = / deD'TT“;’5E;(RaP)f—[a(g)(R,p)}_l
Mm (27) Jpy

/"

Let us use this expression as the definition of the chiral current

in the lattice theory in the absence of exact chiral symmetry.

In the naive contmuum limit this definition gives —ity*~°1)

(Euclid) ¥ y°¢) (Minkowski)



The term linear in chemical potential

5k N E'fjk
J p—
472

Fg e

Here

— i L ~ () _1;3
N = 5 [ 500G (v

AdG(w,p) AdG™H (w, p)

—

]



The surface surrounds the Fermi point in momentum space

P-
p,
*—.'px
%
H=+cop

Weyl point - hedgehog in p-space:



For the case of Wilson fermions

G p) = Z sin(p;)y Z 2 sin’(p;i/2) + m )i

1=1..4 1=1..4

Poles may appear at w = 0, 7. For m(®) — 0 there is the pole
only at w =0



Conclusions

1. The formalism of Wigner transformation has been applied to the Green functions
defined on the lattice.

2. Using the derivative expansion we express the non — dissipative currents through
the topological invariant in momentum space

* AQHE in the 2D topological insulators
(Anomalous Quantum Hall Effect)
* AQHE in the 3D topological insulators

-k

ki
jHau E;

1 .
ke 1 jkl
JHall = 2 M; €7 E;
* AQHE in Weyl semimetals. ’f

* CME in Dirac semimetals and in the QFT SOk (R 1 (ijkl A
. . J ( ) 4 aj( )
with massless fermions -l
(Chiral Magnetic Effect)
* CSE 1n Dirac semimetals and in the QFT &k ’\f E”k

With massless fermions (the Chiral Separation Effect)
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