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Drinfeld, Jimbo, 1985 – 1986
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Bazhanov, Lukyanov, Zamolodchikov, 1994 – 2001

Group-theoretic / Algebraic approach revisited

Boos, Göhmann, Klümper, NX, Razumov, 2010 – 2017
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Hernandez, Jimbo, 2011
Frenkel, Hernandez, 2014



Quantum groups: V. Drinfeld & M. Jimbo (1985 - 1986)

A is a Hopf algebra with respect to ∆, S, ε

A is a Hopf algebra with ∆op = Π ◦∆

Π(a⊗ b) = b⊗ a, a, b ∈ A

The universal R-matrix

∆op(a) = R∆(a)R−1, R ∈ B+ ⊗B− ⊂ A⊗A

(∆⊗ id)(R) = R13 R23, (id⊗∆)(R) = R13 R12

The master equation

R12 R13 R23 = R23 R13 R12

defined in B+ ⊗A⊗B− ⊂ A⊗A⊗A



Universal integrability objects

Introduce a twist element t: ∆(t) = t⊗ t

Monodromy operator: ϕ : A→ End(V)

Mϕ = (ϕ⊗ id)(R) ∈ End(V)⊗B−

Transfer operator

Tϕ = (trV ⊗ id)(Mϕ(ϕ(t)⊗ 1)) = ((trV ◦ϕ)⊗ id)(R(t⊗ 1))

L-operator: ρ : B+ → End(W)

Lρ = (ρ⊗ id)(R) ∈ End(W)⊗B−

Q-operator

Qρ = (trW ⊗id)(Lρ(ρ(t)⊗ 1)) = ((trW ◦ρ)⊗ id)(R(t⊗ 1))



First universal functional relations

Modified Yang–Baxter equation

(R13t1)(R23t2) = (R12)−1(R23t2)(R13t1)R12 (∗)

Directly from the Yang-Baxter equation

((tr ◦ϕ1)⊗ (tr ◦ϕ2))(∗)⇒ Tϕ1Tϕ2 = Tϕ2Tϕ1

((tr ◦ρ)⊗ (tr ◦ϕ))(∗)⇒ QρTϕ = TϕQρ

The rest is more tricky:

Qρ1Qρ2 = ((trW1⊗W2 ◦(ρ1 ⊗ ρ2))⊗ id)
(
R13t1R23t2

)
R13t1R23t2 = [(∆⊗ id)(R)] [(∆⊗ id)(t⊗ 1)] = (∆⊗ id)(R(t⊗ 1))

Qρ1Qρ2 = ((trW1⊗W2 ◦(ρ1 ⊗∆ ρ2))⊗ id)(R(t⊗ 1))



Simplest example

Monodromy matrix

M(ζ) = C1/4
2 eF2(ζs)

(
q−K1 − qK1 ζs κqqK1 F ζs0

κqE q−K1 ζs1 q−K2 − qK2 ζs

)
C2 = q2(K1+K2), F2(ζ) = ∑

n∈N

1
qn + q−n Fn

ζn

n
, Fn ∈ Z(Uq(gl2))

Transfer matrix T̃λ(ζ) = t̃rλ(M(ζ) qφH)

T̃λ(ζ) = q(λ1+λ2)/2eΛ2(ζs)

 q−λ1

1−q1−2φ −
qλ1 ζs

1−q−1−2φ 0

0 q−λ2

1−q−1−2φ −
qλ2 ζs

1−q1−2φ


Λ2(ζ) = ∑

n∈N

q(2λ1+1)n + q(2λ2−1)n

qn + q−n
ζn

n



Simplest example

L-operators

L(ζ) = ef2(ζs)
(

q−N − qN+1ζs bq2Nζs0

−κqb†q−Nζs1 qN

)

L(ζ) = ef2(ζs)
(

qN −κqb†q−Nζs1

bq2Nζs0 q−N − qN+1ζs

)

f2(ζ) = ∑
n∈N

1
qn + q−n

ζn

n

Q-operators

Q(ζ) = tr(L(ζ)q−2φN) = ef2(ζs)

(
1

1−q−1+2φ −
q ζs

1−q1+2φ 0

0 1
1−q1+2φ

)

Q(ζ) = tr(L(ζ)q2φN) = ef2(ζs)

( 1
1−q1−2φ 0

0 1
1−q−1−2φ −

q ζs

1−q1−2φ

)

Observing functional relation

Dλ T̃λ(ζ) = Q(q(2λ1+1)/sζ)Q(q(2λ2−1)/sζ)



Quantum group Uq(gll+1)

Generators of Uq(gll+1)

Ei, Fi, i = 1, . . . , l, qX, X ∈ kl+1 =
l+1⊕
i=1

CKi

Dual basis and simple roots

εi ∈ k∗l+1, 〈εi, Kj〉 = δij, αi ∈ k∗l+1, αi = εi − εi+1

Positive roots

αij = εi − εj =
j−1

∑
k=i

αk, Λl = {i, j ∈ N×N | 1 ≤ i < j ≤ l + 1}

Root vectors

Ei,i+1 = Ei, Fi,i+1 = Fi, i = 1, . . . , l

Eij = Eik Ekj − q Ekj Eik, Fij = Fkj Fik − q−1Fik Fkj, i < k < j



Poincaré–Birkhoff–Witt basis and Verma Uq(gll+1)-modules

Monomials

{Fi1j1 . . . Fiaja qν1K1 . . . qνcKc Em1n1 . . . Embnb | a, b, c ≥ 0}

form a basis of Uq(gll+1), where

(i1j1) � . . . � (iaja), (m1n1) � . . . � (mbnb)

imply a normal order on the set {αij | (ij) ∈ Λl}

Given a highest weight vector vλ = v0

Eiv0 = 0, i = 1, . . . , l, qXv0 = q〈λ,X〉v0, X ∈ kl+1, λ ∈ k∗l+1

the vectors

vm =
(l,l+1)

∏
(ij)=(12)

F
mij
ij v0, m = (m12, . . . , ml,l+1) ∈ Z⊗ l(l+1)/2

+

form a basis of Uq(gll+1)-module Ṽλ

Finite-dimensional module Vλ is a quotient of Ṽλ over the maximal
submodule if 〈λ, Ki − Ki+1〉 ∈ Z+ for all i = 1, . . . , l



Quantum loop algebra Uq(L(sll+1))

Lie algebra L̃(sll+1): generators, Cartan subalgebra and center

ei, fi, hi, i = 0, 1, . . . , l, h̃l+1 =
l⊕

i=0
Chi, c =

l

∑
i=0

hi

Quantum group Uq(L̃(sll+1)) generated by

ei, fi, i = 0, 1, . . . , l, qx, x ∈ h̃l+1

Uq(L̃(sll+1)) has no finite-dimensional representation with qνc 6= 1, hence

Uq(L(sll+1)) = Uq(L̃(sll+1))/〈qνc − 1〉ν∈C

The monomials {
f m1
γ1
· · · f ma

γa
qx en1

δ1
· · · enb

δb
| mi, ni ≥ 0

}
with a normal order of the roots γ1 � . . . � γa, δ1 � . . . � δb, form a
Poincaré–Birkhoff–Witt basis of the quantum loop algebra Uq(L(sll+1))



Jimbo’s homomorphism and representations of Uq(L(sll+1))

Basic representation ϕ̃λ
ζ = π̃λ ◦ ε ◦ Γζ

Γζ(qx) = qx, Γζ(ei) = ζsi ei, Γζ(fi) = ζ−si fi

ε : Uq(L(sll+1))→ Uq(gll+1)

ε(qνh0 ) = qν(Kl+1−K1), ε(qνhi ) = qν(Ki−Ki+1)

ε(e0) = F1,l+1 qK1+Kl+1 , ε(ei) = Ei,i+1

ε(f0) = E1,l+1 q−K1−Kl+1 , ε(fi) = Fi,i+1

Uq(L(sll+1))-module relations

{qνh0 vm, qνhi vm, e0 vm, ei vm, f0 vm, fi vm | i = 1, . . . , l}



More universal integrability objects

Automorphisms σ and τ

σ(A(1)
l ) : αi → αi+1, i = 0, 1, . . . , l, σl+1 = id

τ(A(1)
l ) : α0 → α0, αi → αl+1−i, i = 1, . . . , l, τ2 = id

And more homomorphisms

ρ : Uq(b
+)→ W, ρζ = ρ ◦ Γζ , θζ = χ ◦ ρζ

ρa = ρ ◦ σ−a, ρa = ρ ◦ τ ◦ σ−a+1

Universal L-operators

La(ζ) = (ρaζ ⊗ id)(R), La(ζ) = (ρaζ ⊗ id)(R)

Universal Q-operators

Qa(ζ) = ((tr ◦θaζ)⊗ id)(R(t⊗ 1)), Qa(ζ) = ((tr ◦θaζ)⊗ id)(R(t⊗ 1))



Main functional relations

Cipher key: the product representation

C T̃λ(ζ) = Q1(q2(λ+ρ)1/sζ) · · ·Ql+1(q
2(λ+ρ)l+1/sζ)

The element ρ ∈ k∗l+1 is the half-sum of the positive roots

ρ = (l/2, (l− 2)/2, . . . , −l/2)

The quantum B. G. G. resolution connects the traces

trλ = ∑
w∈W

(−1)`(w) t̃r w·λ, Tλ(ζ) = ∑
p∈Sl+1

sgn(p) T̃ p(λ+ρ)−ρ(ζ)

and leads to the determinant representation (i, j = 1, . . . , l + 1)

CTλ−ρ(ζ) = det
(
Qi(q2λj/sζ)

)
, CTλ−ρ(ζ) = det

(
Qi(q−2λj/sζ)

)



Simplest higher-rank example

l = 2

TQ-relations

T(1, 1, 0)(ζ)Qj(ζ)− T(1, 0, 0)(ζ)Qj(q−2/sζ) = Qj(q2/sζ)− Qj(q−4/sζ)

T(1, 1, 0)(ζ)Qj(ζ)− T(1, 0, 0)(ζ)Qj(q2/sζ) = Qj(q−2/sζ)− Qj(q4/sζ)

TT-relations

T(k−1, 0, 0)(ζ)T(k+1, 0, 0)(q2/sζ) = T(k, 0, 0)(ζ)T(k, 0, 0)(q2/sζ)− T(k, k, 0)(ζ)

T(k−1, k−1, 0)(q−2/sζ)T(k+1, k+1, 0)(ζ) = T(k, k, 0)(q−2/sζ)T(k, k, 0)(ζ)− T(k, 0, 0)(ζ)



Drinfeld–Jimbo’s versus 2nd Drinfeld’s

Generators ξ±i, n and χi, n

ξ+i, n =

{
(−1)nieαi+nδ n ≥ 0
−(−1)niq−hi

i f(δ−αi)−(n+1)δ n < 0

ξ−i, n =

{
−(−1)(n+1)ie(δ−αi)+(n−1)δ qhi

i n > 0
(−1)nifαi−nδ n ≤ 0

χi, n =

{
−(−1)nienδ, αi n > 0
−(−1)nif−nδ, αi n < 0

Generators φ±i, n

φ+
i, n =

{
−(−1)niκq qhi

i e′nδ, αi
n > 0

qhi
i n = 0

φ−i, n =

{
q−hi

i n = 0
(−1)niκq q−hi

i f ′−nδ, αi
n < 0

φ+
i (u) = qhi

i
(
1− κq e′δ, αi

((−1)iu)
)
, φ−i (u−1) = q−hi

i
(
1 + κq f ′δ, αi

((−1)iu−1)
)



Highest `-weight Uq(L(g))-modules

Highest `-weight Uq(L(g))-module V (in the category O)
with highest `-weight Ψ =

(
λ, Ψ+, Ψ−

)
λ ∈ h∗l+1, Ψ+ = (Ψ+

i (u))i∈I ∈ C[[u]], Ψ− = (Ψ−i (u))i∈I ∈ C[[u−1]]

∃ v ∈ V : φ+
i (u) v = Ψ+

i (u) v, φ−i (u−1) v = Ψ−i (u−1) v, i ∈ I

ξ+i,n v = 0, i ∈ I, n ∈ Z, V = Uq(L(g)) v

Rational `-weights

Ψ+
i (u) =

aipi u
pi + ai, pi−1upi−1 + · · ·+ ai0

bipi u
pi + bi, pi−1upi−1 + · · ·+ bi0

Ψ−i (u−1) =
aipi + ai, pi−1u−1 + · · ·+ ai0u−pi

bipi + bi, pi−1u−1 + · · ·+ bi0u−pi

ai0
bi0

= q〈λ,hi〉,
aipi

bipi

= q−〈λ,hi〉



Highest `-weight Uq(b+)-modules

Highest `-weight Uq(b+)-module W (in the category O)
with highest `-weight Ψ =

(
λ, Ψ+

)
∃ v ∈ W : φ+

i (u) v = Ψ+
i (u) v, i ∈ I

ξ+i,n v = 0, i ∈ I, n ∈ Z+, W = Uq(b
+) v

Rational `-weights

Ψ+
i (u) =

aipi u
pi + ai, pi−1upi−1 + · · ·+ ai0

biqi u
qi + bi, qi−1uqi−1 + · · ·+ bi0

ai0
bi0

= q〈λ,hi〉

Prefundamental representations

L±i,z : Ψ+ = (1, . . . , 1
i−1

, (1− zu)±1, 1, . . . , 1
l−i

), i ∈ I, z ∈ C×

Lξ : λξ = ξ ∈ h∗l+1, (Ψξ)
+ = (q〈 ξ, h1 〉, . . . , q〈 ξ, hl 〉)



Basic properties of highest `-weight modules

Product of `-weights

Ψ1 =
(
λ1,Ψ+

1 ,Ψ−1
)

, Ψ1 =
(
λ2,Ψ+

2 ,Ψ−2
)

Ψ1Ψ2 =
(
λ1 + λ2, Ψ+

1 Ψ+
2 , Ψ−1 Ψ−2

)
Ψ+

1 Ψ+
2 = (Ψ+

1i (u)Ψ
+
2i (u))i∈I, Ψ−1 Ψ−2 = (Ψ−1i (u

−1)Ψ−2i (u
−1))i∈I

Submodules of L(Ψ1)⊗ L(Ψ2)

Ψ1, Ψ2 : L(Ψ1Ψ2) ∼= L(Ψ1)⊗ L(Ψ2)

{ Rational `-weights Ψ } ↔ {[ Simple Uq(L(g))-modules L(Ψ ) in O ]}

{ Rational `-weights Ψ } ↔ {[ Simple Uq(b+)-modules L(Ψ ) in O ]}



Homomorphisms ρa, ρa & representations θa, θa

Homomorphisms ρa, representations θa, bases v(a)m

ρa = ρ ◦ σ−a, a = 1, . . . , l + 1

θa = (χ− ⊗ · · · ⊗ χ−

l−a+1

⊗ χ+ ⊗ · · · ⊗ χ+

a−1

) ◦ ρa

v(a)m = bm1
1 · · · b

ml−a+1
l−a+1 b† ml−a+2

l−a+2 · · · b
† ml
l v0

Homomorphisms ρa, representations θa, bases v(a)m

ρa = ρ ◦ τ ◦ σ−a+1, a = 1, . . . , l + 1

θa = (χ− ⊗ · · · ⊗ χ−

a−1

⊗ χ+ ⊗ · · · ⊗ χ+

l−a+1

) ◦ ρa

v(a)m = bm1
1 · · · b

ma−1
a−1 b† ma

a · · · b† ml
l v0



Calculating the `-weights

We define
(θa)ζ = θa ◦ Γζ , (θa)ζ = θa ◦ Γζ

and put

(θa)ζ(φ
+
i (u)) v(a)m = θa(φ

+
i (ζsu)) v(a)m = Ψ+

i, m, a(u) v(a)m

(θa)ζ(φ
+
i (u)) v(a)m = θa(φ

+
i (ζsu)) v(a)m = Ψ+

i, m, a(u) v(a)m

Useful relation

Ψ+
i, m, a(u) = Ψ+

l−i+1, m, l−a+2(−(−1)l u), λm, a = ι(λm, l−a+2)

where

ι : h∗ → h∗, ωi ∈ h∗, 〈ωi, Hj〉 = δij, ι(ωi) = ωl−i+1



Highest `-weights

For representations (θa)ζ

λ0, 1 = −(l + 1)ω1

Ψ+
i, 0, 1(u) =

{
q−l−1

(
1− q−l ζs u

)−1
, i = 1

1, i = 2, . . . , l

λ0, a = (l− a + 1)ωa−1 − (l− a + 2)ωa

Ψ+
i, 0, a(u) =


1, i = 1, . . . , a− 2

ql−a+1
(

1− q−l+a ζs u
)

, i = a− 1

q−l+a−2
(

1− q−l+a−1 ζs u
)−1

, i = a
1, i = a + 1, . . . , l

λ0, l+1 = 0

Ψ+
i, 0, l+1(u) =

{
1, i = 1, . . . , l− 1

1− q ζs u, i = l



Highest `-weights

For representations (θa)ζ

λ0, 1 = 0

Ψ+
i, 0, 1(u) =

{
1 + (−1)l q ζs u, i = 1

1, i = 2, . . . , l

λ0, a = −a ωa−1 + (a− 1)ωa

Ψ+
i, 0, a(u) =


1, i = 1, . . . , a− 2

q−a
(

1 + (−1)l q−a+1 ζs u
)−1

, i = a− 1

qa−1
(

1 + (−1)l q−a+2 ζs u
)

, i = a
1, i = a + 1, . . . , l

λ0, l+1 = − (l + 1)ωl

Ψ+
i, 0, l+1(u) =

{
1, i = 1, . . . , l− 1

q−l−1
(

1 + (−1)l q−l ζs u
)−1

, i = l



Oscillator versus prefundamental representations I.

Representations (θa)ζ

(θ1)ζ
∼= Lξ1

⊗ L−1, q−lζs

(θa)ζ
∼= Lξa

⊗ (L+a−1, q−l+aζs ⊗ L−a, q−l+a−1ζs ), a = 2, . . . , l

(θl+1)ζ
∼= L+l, q ζs

ξa = (l− a + 1)ωa−1 − (l− a + 2)ωa

Representations (θa)ζ

(θ1)ζ
∼= L+1, (−1)l+1qζs

(θa)ζ
∼= L

ξ̄a
⊗ (L−a−1, (−1)l−1 q−a+1ζs ⊗ L+a, (−1)l+1 q−a+1ζs ), a = 2, . . . , l

(θl+1)ζ
∼= L

ξ̄l+1
⊗ L−l, (−1)l+1 q−l ζs

ξa = − a ωa−1 + (a− 1)ωa



Oscillator versus prefundamental representations II.

L±i,z through (θa)ζ

Lξ+i
⊗ L+i, ζs

∼= (θi+1)ql−i−1ζs ⊗ (θi+2)ql−i−3ζs ⊗ . . .⊗ (θl+1)q−l+i−1ζs

Lξ−i
⊗ L−i, ζs

∼= (θ1)ql+i−1ζs ⊗ (θ2)ql+i−3ζs ⊗ . . .⊗ (θi)ql−i+1ζs

ξ+i = (l− i)ωi − 2
l

∑
j=i+1

ωj, ξ−i = −2
i−1

∑
j=1

ωj − (l− i + 2)ωi

L±i,z through (θa)ζ

Lξ+i
⊗ L+i, ζs

∼= (θ1)(−1)l−1 q−iζs ⊗ (θ2)(−1)l−1 q2−iζs ⊗ . . .⊗ (θi)(−1)l−1 qi−2ζs

Lξ−i
⊗ L−i, ζs

∼= (θi+1)(−1)l−1 qiζs ⊗ (θi+2)(−1)l−1 qi+2ζs ⊗ . . .⊗ (θl+1)(−1)l−1 q2l−iζs

ξ+i = −2
i−1

∑
j=1

ωj + (i− 1)ωi, ξ−i = −(i + 1)ωi − 2
l

∑
j=i+1

ωj



(Ṽλ)ζ [ξ] versus
⊗l+1

a=1(Wa)ζa

We first note for (W1)ζ1 ⊗ · · · ⊗ (Wl+1)ζl+1

Ψ+
i (u) = q−2 1− q−l+i+1 ζs

i+1 u

1− q−l+i−1 ζs
i u

, i = 1, . . . , l

Further, restricting (Ṽλ)ζ to Uq(b+)

Ψ+
i (u) = qλi−λi+1

1− q2λi+1−i+1 ζs u
1− q2λi−i+1 ζs u

, i = 1, . . . , l

In particular

Ψ+
1,m(u) = qλ1−λ2−2m12−∑l+1

i=3(m1i−m2i)

×
(
1− q2λ1−2 ∑l+1

i=3 m1i+2 u
)(

1− q2λ2−2 ∑l+1
i=3 m2i u

)(
1− q2λ1−2 ∑l+1

i=2 m1i u
)(

1− q2λ1−2 ∑l+1
i=2 m1i+2 u

)
The isomorphism at

ζi = q2〈λ+ρ,Ki〉/s ζ, 〈ρ, Ki〉 =
l
2
− i+ 1, ξ = −

l

∑
i=1

(λi−λi+1 + 2)ωi



Lessons

The q-oscillator representations are no less fundamental than
the prefundamental ones

sll+1 : 2l prefundamental reps vs 2l + 2 q-oscillator reps

sl2 : a special case − only 2 reps of both kinds

Relations between highest `-weights replicate functional
relations between universal integrability objects



Thank you!



Appendix



Uq(b+)-module relations

Restricting Ṽλ → Ṽλ
∣∣∣
Uq(b+)

qνh0 vm = qν[λl+1−λ1+∑l
i=2(m1i+mi, l+1)+2m1, l+1] vm

qνhi vm = qν[λi−λi+1+∑i−1
k=1(mki−mk, i+1)−2mi, i+1−∑l+1

k=i+2(mik−mi+1, k)]vm

e0 vm = ζs0 qλ1+λl+1+∑l
i=2 mi, l+1 vm+ε1, l+1

ei vm = ζsi [λi − λi+1 −
l+1

∑
j=i+2

(mij −mi+1, j)−mi, i+1 + 1]q [mi, i+1]q vm−εi, i+1

+ ζsi qλi−λi+1−2mi, i+1−∑l+1
j=i+2(mij−mi+1, j)

×
i−1

∑
j=1

q∑i−1
k=j+1(mki−mk, i+1) [mj, i+1]q vm−εj, i+1+εji

− ζsi
l+1

∑
j=i+2

q−λi+λi+1−2+∑l+1
k=j(mik−mi+1, k) [mij]q vm−εij+εi+1, j



Degenerations of the shifted Uq(b+)-modules

Let ϕ̃λ
ζ be a representation of Uq(L(sll+1)), and ξ ∈ h̃∗l+1. Then

ϕ̃λ
ζ [ξ](ei) = ϕ̃λ

ζ (ei), ϕ̃λ
ζ [ξ](q

x) = q〈ξ,x〉 ϕ̃λ
ζ (q

x)

is a shifted representation representation of Uq(b+)

Universal integrability objects after the module shift

Tϕ̃λ [ξ](ζ) = Tϕ̃λ (ζ) q∑l
i=0〈ξ,hi〉(hi+φi)/(l+1)

Specific shifts ξ ∈ h̃∗l+1

〈ξ, h0〉 = λ1 − λl+1, 〈ξ, hi〉 = −λi + λi+1, i = 1, . . . , l

Redefine the basis vectors vm → cmvm and take the limit

λi − λi+1 → −∞, i = 1, . . . , l, Ṽλ
∣∣∣
Uq(b+)

→ Ṽ∞

There is maximal submodule Ṽmax ⊂ Ṽ∞: obtain irreducible module W′

Ṽmax ⊂ Ṽ∞ : W′ ∼= Ṽ∞/Ṽmax



Uq(b+)-submodules and q-oscillators

ρ′ and W′ for Uq(b+)

qνh0 vm = qν(2m1+∑l
j=2 mj) vm, qνhl vm = q−ν(2ml+∑l−1

j=1 mj) vm

qνhi vm = qν(mi+1−mi)vm, i = 1, . . . , l− 1

e0 vm = q∑l
j=2 mj vm+ε1 , el vm = −κ−1

q qml [ml]q vm−εl

ei vm = −qmi−mi+1−1 [mi]q vm−εi+εi+1 , i = 1, . . . , l− 1

Oscq is a unital associative C-algebra with generators b†, b, qνN , ν ∈ C

q0 = 1, qν1Nqν2N = q(ν1+ν2)N

qνNb†q−νN = qνb†, qνNbq−νN = q−νb

b†b = [N]q, bb† = [N + 1]q{
(b†)k+1qνN , bk+1qνN , qνN | k ∈ Z+, ν ∈ C

}
form a basis of Oscq



Representations of Oscq

W+ , χ+ : The relations

qνNvm = qνmvm

b†vm = vm+1, b vm = [m]qvm−1

where v−1 = 0, endow the free vector space generated by {v0, v1, . . .}
with the structure of an Oscq-module

W− , χ− : The relations

qνNvm = q−ν(m+1)vm

b vm = vm+1, b† vm = −[m]qvm−1

where v−1 = 0, endow the free vector space generated by {v0, v1, . . .}
with the structure of an Oscq-module

We consider the algebra Oscq⊗ . . .⊗Oscq = Osc⊗ l
q and define

bi = 1⊗ . . .⊗ b⊗ . . .⊗ 1, b†
i = 1⊗ . . .⊗ b† ⊗ . . .⊗ 1

qνNi = 1⊗ . . .⊗ qνN ⊗ . . .⊗ 1



Interpretation in terms of q-oscillators

Consider W′ and ρ′ in terms of the q-oscillators

qνh0 vm = qν(2N1+∑l
i=2 Ni) vm, qνhl vm = q−ν(2Nl+∑l−1

i=1 Ni) vm

qνhi vm = qν(Ni+1−Ni) vm, i = 1, . . . , l− 1

e0 vm = b†
1 q∑l

i=2 Ni vm, el vm = −κ−1
q bl qNl vm

ei vm = −bi b†
i+1 qNi−Ni+1−1 vm, i = 1, . . . , l− 1

Define a homomorphism ρ : Uq(b+)→ Osc⊗ l
q by

ρ(qνh0 ) = qν(2N1+∑l
i=2 Ni), ρ(qνhl ) = q−ν(2Nl+∑l−1

i=1 Ni)

ρ(qνhi ) = qν(Ni+1−Ni), i = 1, . . . , l− 1

ρ(e0) = b†
1 q∑l

i=2 Ni , ρ(el) = −κ−1
q bl qNl

ρ(ei) = −bi b†
i+1 qNi−Ni+1−1, i = 1, . . . , l− 1



Cartan–Weyl generators of Uq(L(sll+1))

System of positive roots of ŝll+1

4̂+ = {γ + kδ | γ ∈ 4+, k ∈ Z+}

∪ {mδ | m ∈ N} ∪ {(δ− γ) + nδ | γ ∈ 4+, n ∈ Z+}

Normal order

γ + kδ ≺ mδ ≺ (δ− γ) + nδ, γ ∈ 4+, k, m, n ∈ Z+

Higher root vectors

eγ+nδ = [2]−1
q [eγ+(n−1)δ, e′δ, γ]q

e(δ−γ)+nδ = [2]−1
q [e′δ, γ, e(δ−γ)+(n−1)δ]q

e′nδ, γ = [eγ+(n−1)δ, eδ−γ]q

−κq eδ,γ(u) = log(1− κq e′δ, γ(u)), e′δ,γ(u) = ∑
n∈N

e′nδ, γ un



Specific monodromy and L-operators

Monodromy operator M(ζ|η) = (εζ ⊗ (ϕ(1, 0, ... , 0))η)(R)

M(ζ)ij = −ζs−sij κq qKi Fij, 1 ≤ i < j ≤ l + 1

M(ζ)ii = q−Ki − ζs qKi , i = 1, . . . , l + 1

M(ζ)ij = −ζsji κq Eji q−Kj , 1 ≤ j < i ≤ l + 1

L-operator L(ζ|η) = (ρζ ⊗ (ϕ(1, 0, ... , 0))η)(R)

L(ζ)i, l+1 = −ζs−si,l+1 κq b†
i qN1i−Ni+i−1, i = 1, . . . , l

L(ζ)ij = 0, i < j < l + 1

L(ζ)ij = ζsji κq bj b†
i qNj+Nji−Ni+i−j−2, 1 < i− j < l

L(ζ)i+1, i = ζsi κq bi b†
i+1 q2Ni−Ni+1−1, i = 1, . . . , l− 1

L(ζ)l+1, i = ζsi, l+1 bi qNi+Ni, l+1+l−i i = 1, . . . , l

L(ζ)ii = qNi , i = 1, . . . , l, L(ζ)l+1, l+1 = q−N1, l+1 − ζs qN1,l+1+l+1
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