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@ The birth of a new science: QISM
Faddeev’s School of Mathematics, 1970’s —1980’s

@ Quantum groups

Drinfeld, Jimbo, 1985-1986

@ Quantum group approach to functional relations
Bazhanov, Lukyanov, Zamolodchikov, 1994 — 2001

@ Group-theoretic / Algebraic approach revisited

Boos, Gohmann, Kliimper, NX, Razumov, 2010-2017

@ Prefundamental representations and functional relations

Hernandez, Jimbo, 2011
Frenkel, Hernandez, 2014



Quantum groups: V. Drinfeld & M. Jimbo (1985 - 1986)

o Aisa Hopf algebra with respectto A, S, ¢

o Aisa Hopf algebra with AP =JTo A
IHa®b)=b®a, abe A
@ The universal R-matrix
AP@) =RA@RL, ReBL@B_CAQA

(A®id)(R) = RBR?,  (id®A)(R) = R1BR12
@ The master equation
RI2 P13 P23 _ 23 p13 pl2

definedin By ®ARB_ CARARA



Universal integrability objects

Introduce a twist element #: Ay =tRt

@ Monodromy operator: ¢:A— End(V)
My = (¢ ®id)(R) € End(V) ® B
@ Transfer operator

Ty = (try ®id) (My(@(t) ® 1)) = ((try o) ® id)(R(t® 1))

e L-operator: p: B4+ — End(W)
Lo = (p®id)(R) € End(W) © B_
@ (Q-operator

Q = (trw ®id)(Lp(p() ®1)) = ((trw 0p) @ id)(R(t® 1))



First universal functional relations

@ Modified Yang—Baxter equation
(Rl3t1)(9%23t2) — (3{12)71(9123#)(32131'1)9%12 (%)
@ Directly from the Yang-Baxter equation

((trogr) @ (troga))(x) = Tp, Ty, = Tg, Tg

((trop) ® (trog)) () = 2Ty = TpQp

@ The rest is more tricky:
00,0y, = ((trwyem; o(o1 @ p2)) @ id) (R13HR212)

RBARZ? = [(A®id)(R)] [(A®id)(t®1)] = (A®id)(R(t®1))

90,0, = ((trw, 0w, 0(p1 @4 p2)) @id)(R(E@ 1))



Simplest example

@ Monodromy matrix

—-Ky _ Ky 7s Ky S0
_~1/4 R (9 & K FG
MIE) = G < Eqg g gl —ger )
26+K) - py) = Y %an, Fy € 2(Uy(gly))
neNq +q n

o Transfer matrix TA(7) = tr* (M({) qH)

I X S 0
~ s —gl-2¢ —g~1-2¢
']I‘)\(g) — q(/\1+/\2)/2e/\2(€ ) 1—q 1=q q,/\z q)xz r
0 T % 175
q(Z)u +1)n + q (2Aa=1)n gn

A =
2(@) = gt +q" n




Simplest example

@ L-operators

—N _ N+1 s p 2N 7s¢
( ) efz ( —Kq b‘l‘ —Ngg qué )

2 N —x b+q7N€51
( ) ef ( bq2N€50 qfl\ﬁin+1€s )

AO=Y L&

neN 1 +g97" n
@ Q-operators
148 0
@@—n@@)*W>(ﬁf(lqu01Wu 1)
1T qt7%

1
—i 0
— — 5 1—gl-2¢
Q) = tr(IL()g*™) = &€< f 4T )
1 q 1-2¢ 1 ql 2¢
@ Observing functional relation

DATA(E) = Qg ) Qi1 /Y)



Quantum group U, (gl41)

@ Generators of Uy (glj41)
I+1
E, F, i=1..1 45 Xeu,1=@PCK
@ Dual basis and simple roots
€; € E;:Ll’ <€i/ K]> = (51']', o € EI*+1’ N =€ — €11

@ Positive roots
zx,-]-:ei—e]-:szk, Al:{l,]ENXN|1§Z<]§l+1}
k=i

@ Root vectors
Eiiy1 =E; Fii1=F, i=1,...,1

Eij:EikEkj_qujEik/ Fz]—Fk/ ik — 17 Flka]/ i<k<j



Poincaré-Birkhoff-Witt basis and Verma U, (gl 1)-modules

@ Monomials

{Fiyjy - Fijy "5 . .q"  Epyny .. Emiyn, | 4,b,¢ > 0}

irfy
form a basis of Uy (glj41), where

(i1j1) = -+« = (iaja), (myny) < ... =2 (myny)

imply a normal order on the set {a;; | (ij) € A}

A

@ Given a highest weight vector v* = vy

(A.X)

Ewvg=0, i=1,...,] qxvozq vo, X €y, /\EEI*+1

the vectors

(1)
Um = H Fl] v Do, m = (mlzl RN
(iH=(12)

®@I1(1+1)/2
) €z

form a basis of Uy (gl;1)-module VA

o Finite-dimensional module V* is a quotient of V* over the maximal
submodule if (A, K; — K; 1) € Z4 foralli=1,...,]



Quantum loop algebra U, (L (sl;11))

o Lie algebra £(sl;,1): generators, Cartan subalgebra and center

N

!
€is fil hi/ i= 0, 1/~‘~/Z/ f)]+1 = @Cl’li, c= hi
i=0

0

@ Quantum group U, (£ (sl;11)) generated by

e, fi, i=01,...] q, xeB,H

@ Uy (L(sl41)) has no finite-dimensional representation with g'¢ # 1, hence

Ug(£(sl11)) = Ug(L(shy1)) /(9" — Dvec
@ The monomials
(- fregtesl et | myn; >0}

with a normal order of theroots 71 < ... <7, ) <X... X9, forma
Poincaré-Birkhoff-Witt basis of the quantum loop algebra U, (£ (sl;41))



Jimbo’s homomorphism and representations of U, (£ (sl;11))

~\

@ Basic representation 97 = 7t

osofé

FC(qx) =7, Fg(ei) = (%, F@(fi) =S
£: Ug(L(sl11)) = Ug(aliyr)

E(qvhg) _ qu(KH]—Kl), E(qvh,-) _ qV(K[_Ki+1)
e(eg) = Fy g <51, e(e;) = Ejin1
e(fo) = Eqppqq K, e(fi) = Fiin1

@ U;(£L(sl41))-module relations

h

(G 0m, ¢ 0m, eoUm, €ivm, foom fiom|li=1,...,1}



More universal integrability objects

@ Automorphisms ¢ and T

U(Azm) DR R, i=0,1,...,1 1 =id
T(Al(1>) ¢ o — &, & ‘>IXH>171'/ i:1,...,l, ™~ =id
@ And more homomorphisms

p:Uy(67) = W, p; =polg, 07 = xopg

a a+1

pa=poo, fa=poTocr”

@ Universal L-operators

La(8) = (pag @1d)(R),  La(Z) = (Pag ©1d)(R)

@ Universal Q-operators

0(g) = ((trofyy) ®id)(R(t® 1)), () = ((trofyy) ®id)(R(t@1))



Main functional relations

@ Cipher key: the product representation

€T (¢) = 0y (PAHP/57) - 0y (PAHPI/57)

The element p € & Vi the half-sum of the positive roots
o= (1/2,(1-2)/2,...,-1/2)

@ The quantum B. G. G. resolution connects the traces

wt= Y (D)@, TN = ) sgn(p) TPMTA(Q)
weW PESIH1

and leads to the determinant representation (i,j =1,...,14+1)

eV (g) = det (9(¢?V/°))),  eTVA(Q) = det (U(g V7))



Simplest higher-rank example

o TQ-relations
THED)9(0) =TV (a ) = 9(e*T) — 9(a0)

THLD(0)0(0) = TG (¢*°0) = 9i(a7*T) — 9(4*°0)

@ TT-relations

gk=1,0,0) () k+1,0,0) (2/s7y = k0,0)(7)Fk0.0) (2/s7) _ kK 0) ()

T(kfl,kfl,o) (q72/s€)7(k+1,k+1,0)(€) _ T(k,k,O) (q72/s€)g~(k,k,0)(é—) _ ‘T(k,O,O)(é')



Drinfeld-Jimbo’s versus 2nd Drinfeld’s

@ Generators é‘l.in and x;

£+ {(1)nie"f"+"]f n>0
v —(=1)"q; " f(5-a)—(n+1s 1 <0

&= _(_1?<n+1)i€(5—m)+(11—1)5 q?i n>0
v (71)’”](0(,‘71’15 n<0

Yin— —(—1)"1:6715,,,(1. n>0
v —(—1)mf,n5,“i n<0

o Generators 4>iin

—
ot = —(=1)"xqq; e;us’ai n>0
L q?" n=20

- 7h‘ n=20
4’1;1* ( 1)mK qz f/nézx' n<o0

F) = g (1= rg €0 (1)), g (u7h) = ;" (1 g ff 0, (=

)1 —1))




Highest (-weight U, (£(g))-modules

o Highest (-weight U, (£(g))-module V' (in the category O)
with highest /-weight ¥ = ()\, ot W‘)

Aebfy, TP =(¥W)ier € Cllu)l, ¥ = (¥ (u))ier € Cllu™]]

JoeV: ¢ (u)o="¥"(u)o, (j)i_(u_l)vz‘f’.—(u_l)v,

1

gho=0 ielLneZ  V=UyL(g)o

@ Rational ¢-weights

A ub +a,~,p‘.,1upf_1 + - tap

¥ (u) =
() bip,ubi + bi,phlum—l ¥ +by
Y- (u_l) — aipi +ai,pi711/l + - Fapu P
l bipi + bi,pi_1u71 4+ -4 bioufpi
aﬂ = </\,hi> % = 7</\rhi>



Highest /-weight U, (b™)-modules
e Highest (-weight U, (b™)-module W (in the category O)
with highest l-weight & = (A, &)
JoeW: ¢f(u)o="¥"(u)o, iel
ghv=0 ielneZ,, W=Uyb")v

@ Rational /-weights

_ aipiup! +ai’pi71upi71 + e _|_ai0

P (u) =

i (w) biQiuqi+bi,qi—luq171+"'+bi0
40 _ (M)
big 1

@ Prefundamental representations

L or=(1,.., 1, (1-z2)*,1,...,1), i€l
i—1 1—i

LC . Aé — é’ c h7+1/ (W€)+ — (q<§rh1>,‘”’q<§rhl>)

z € C*



Basic properties of highest /-weight modules

@ Product of ¢-weights
U = (A, 5, 0), W= (A%, 9)
Uy = (M + A, WP, W)

SI’;FW; = (Yﬁ(”)qjgg(”))ieb vy, = (‘Pﬂ (”71)1{2;(”71))1'61

@ Submodules of L(%7) ® L(¥,)

U, 0 L(P1%) 2 L(P) B L(P,)

o { Rational £-weights ¥ } < {[ Simple U;(£(g))-modules L(¥) in O ]}

o { Rational (-weights ¥ } < {[ Simple U;(b™")-modules L(¥) in O |}



Homomorphisms p,, p. & representations 6,, 6,

(@)

@ Homomorphisms p,, representations 6,, bases vy

a

pa=poo ?, a=1,...,1+1

eu:(X*®...®X*‘®‘X+®...®X+‘)opa

I—a+1 a—1
(@) _ pm M1 T Mg ptm
om' = by b 0 by ™o
o Homomorphisms p,, representations 6., bases ﬁr(ﬁ)

pa:porotf"”l, a=1,...,1+1

éa:(‘X*®...®X*‘®‘X+®...®X+‘)opa
a—1 I—a+1

z’;ff{) =bm ) pima .. _b;‘m: o0



Calculating the /-weights

@ We define

and put

@ Useful relation
_ ! _
lf,ltt_m,ﬂ(u) = lf,l-tiJrl,m,lfan(_(_1) u)/ Am,ﬂ = l(/\m,l—u-&-Z)
where

bt =b", wieb’,  (wiHp) =05  wi)=win



Highest /-weights

o For representations (6,);

/\0,1 = —(l+ 1)(4)1

-1
—1-1 —1 7s P
1-— , i=1
¥l =91 ( 7¢ u> '
1, i=2,...,1

Mo=I—-a+1D)w, 1 —(I—a+2)w,
1, i=1,...,a—2
ql—u+1 (1,q—l+ﬂ s u), i=a—1

qflJrﬂ*z (1 _ qfl+a71 r u)71 , i=a
1, i=a+1,...,]

Ao,i+1 =0

1 i=1,...,1—-1
—+ _ 7 7 7
¥ 0,141 (1) *{ 1—qlu, i=I



Highest /-weights

o For representations (6,);

;\0’1:0
gt oy ] 1Dl i=1
Yi,o,l(”)_{ 1, i=2,...,1
7\0,11 = —awg;—1+ (a - 1)wa

1, i=1,...,a—2

1
. 7 (1+ () ), i=a-1
Fio0a(1) = a-1 I —a+2 ;
q (1+(,1)qa+ @Su), i=a

1, i=a+1,...,1

Aoir1= —(+1D)w

. 1, i=1,...,1-1
b = -1
v = g (1+ (-1 ), 0=



Oscillator versus prefundamental representations I.

@ Representations (6,);

) =Ly ©L7
(Gu)g =L ® (Lﬂ 1,q Hags ®Lﬂ g-ta- 1?) a=2,...,1
(91+1)€ = Lqugs

G=(Il—-a+D)w, 1 —(—-a+2)w,

e Representations (6,);

(91)g = ( 1)H+147s

(éﬂ)é = L@ ® (L;,L( 1)1 gratigs ® L a,(—1)H1 q—a+l€5)/ a=2...

(Gl+1)§ = L§1+1 ® L;(,l)qu r

Co= —aw, 1+ (@a—1)w,



Oscillator versus prefundamental representations II.

° L;Ez through (6,)7
Lé’:r ® L;fgs = (9i+1)ql—i—1€s @ (9i+2)ql—i—3§s ® e ® (91+1)q—1+i—1§5
Lgi— ®L; . = (61 )qlﬂ*lgs ® (92)q1+i—3€s ®...0 (Gi)ql—xﬁrlgs

GF=(l-Hw 22(0], G ==2) wj-(I-i+2)w;

j=i+1 j=1

° sz through (6,);

L§+ ® Ll [ (91)(_1)171”74@5 ® (éz)(_l)quzf;‘gs ®...0 (éi)(_l)l—lqi—zgs

Lgi— ®L;§s = (914.1)(_1)1—1 e ® (éi+2)( 1)i-1 gi+2gs ®...Q (91+1)( 1)1-1 g2-igs
i—1

GF==2Y w+(i-Dw, & =—(i+1)w—2 Zw,

j=1 j=i+1



(?A)g[é] versus ®l+1 W,z
e We first note for (W;)z, @ --- @ (W, 1)g,,

_ g i+l s
‘f’,+(u):q—2%, i=1,...,1
1-9q giu

o Further, restricting (V) ctoUg(bt)

1f'4+(1/l) = 6]/\,'—)u+1 1- qZAi+17i+1 gs u
1— q2/\i—i+1 CS u 4

@ In particular

Tfm(”) = q/h7/\2*27”12*252('?11{7"12{)
(1—gh- —2 mi+2 u)(1— qZAz—z):’.tg )

(1 _ qZM 22, zmll u) (1 — qZ}‘l 221+1 myi+2 )

@ The isomorphism at

_ I !
gi=q* MR (oK) = 7L C=— )Y (M- A 2w
i=1



Lessons

o The g-oscillator representations are no less fundamental than
the prefundamental ones

o sl 2] prefundamental reps vs 2/+2 g-oscillator reps

o sly: aspecial case — only 2 reps of both kinds

o Relations between highest /-weights replicate functional
relations between universal integrability objects



Thank you!



Appendix



U, (b")-module relations

@ Restricting VA A
U,,(b*)
7" vy = qV[AHl*A1+Z§:2(m1i+mi,l+1)+2m1,l+1] Om

thi O = qV[/\i*)\i+1+Z;;11(mki*mk,iﬂ)*zmi,iﬂ*Ziiliﬂ(mfk*miﬂ,k)]vm

= 7% q/\1+/\1+1+25:2 M, 141

€0 Um Um+61,1+1
141
eivm = 07 Ai = Aiga — Y (myj—migj) —miioq + g [m i1]g Om—e; .
j=it2

e q)\i*/\i+1*2mi,i+1*Z;i}ﬂ(mij*miﬂ/j)

i—1 .
Vi (M= ig1)
X Zq k=it ' " [mj,z'+1]q vmfej,i+1+€]‘i
j=1

1+1
si =M A =2+ X (g —my
_ é’x Z q i i+ k- ;( i i+1 ) [mi]']qvmfeij+5i+l,;‘

j=it2



Degenerations of the shifted U, (b*)-modules

o Let @2 be a representation of Ug (£ (sl 1)), and ¢ € El*-s-l' Then
GrENer) = 2 (er),  @PIENG) =SV G
is a shifted representation representation of Uy (b™)
@ Universal integrability objects after the module shift
! s
('TQIN))‘ [g] (g) = T@A (g) q):i:[)<é/h1>(hz+¢x)/(l+l>
o Specific shifts ¢ € by, ;
(Cho) =M =M1, (Ghi)=—Ai+ Ay, i=1...1
@ Redefine the basis vectors v,; — ¢;,0, and take the limit

L. _ : A 1700
Ai —Ajpp — —oo, i=1,...,1, 1% Uq(b+)—>V

@ There is maximal submodule Viax C V*: obtain irreducible module W'

vmax - Ve [= Vw/vmax



U, (b™)-submodules and g-oscillators

o o' and W for Uy(b™)

l]VhO O = qv(2m1+):§:2 m;) Om, qvh, O = qfv(2m1+2,l-;% m;) Om
thi Om = qV(miH*mi)Um, i=1,...,1—1
o 0m = 2 0, erom =~ " [l o
0 U = 7qml'—mi+1—1 [mi}qvm—€i+€i+l’ i=1,...,1—-1

@ Oscy is a unital associative C-algebra with generators bt b, qVN ,veC

viN 1N _ _(v1+v2)N

q(
qVqu_VN _ q—vb

=1 q
va‘l'q—vN _ qvb‘f’

b'o=[Nl, B =[N+1],

q
q

{@"H 1N, k1N, gN | k € Z,, v € C} form a basis of Oscg



Representations of Osc;
@ W', xT : The relations
qVNUm _ qvmvm

bJrUm = Um+1s boy = [m}qvm—l

where v_1 = 0, endow the free vector space generated by {vg, vy, ...

with the structure of an Osc;-module

o W~ , x : The relations

vN —v(m+1)

9 Um=4(q Um

bom = vy1, bt o, = —[m]qom—1

where v_1 = 0, endow the free vector space generated by {vg, vy, ...

with the structure of an Osc;-module

@ We consider the algebra Osc; ® ... ® Oscy = OSCSM and define

bi=1®...0b®...01, b =12..0te..a1
N=19...9¢Ve...01



Interpretation in terms of g-oscillators

o Consider W' and p’ in terms of the g-oscillators

10 0y = gV @NHEND M Oy = g VENHECIND o
q”hi U = qV<N"+17Ni) Um, i=1,...,1—-1
1 : —
e Um = bl g-=2Ni g, € Um = —Ky Yo, Nio,
e Uy = bblHqN_Ni“_lvm, i=1,...,1—-1
@ Define a homomorphism p : Uy (b™) — Osc%l by
p(qvho) _ 5] (2N1+Y), ), p(qvhl) _ qfu(ZNH»Zﬁ;i N;)
p(gh) = g/ NN, i=1...,1-1
p(eg) = b} qz’ p(er) = —r; by
ple;) = —b; bl 4 qN Nl =, -1



Cartan-Weyl generators of U, (£ (sl;41))

@ System of positive roots of sl
Ap={y+ki|ye Dy, kely}
U{mé | meNyU{(6—vy)+nd|yely, neZs}
@ Normal order

vY+kéd <mé < (5 —)+nd, W ASWAYS k,m,n e Zy

@ Higher root vectors
Cytns = [2]1;1 [e'wr(nfl)é/ efs,'y}q
-1
e(6—n)4ns = 215 165, 4/ €(6-1)+(n—1)0)q

/
€ns,y [67+(n71)6r es—lq

—kge5., (1) =log(1 — g 8:5,7(”))' 6/5,7(”) = ENE:M'W u"
ne



Specific monodromy and L-operators

@ Monodromy operator M(Zln) = (e @ (910 0)), ) (R)

M(Z);i **GS i kg 4N Eyj, 1<i<j<li+1
M(Z)i =q 5 —°q5, i=1,...,14+1
M(Q)j = ~{¥ kg Ejiq ", 1<j<i<I+1

e L-operator  L(Z|n) = (p; ® (o0~ 0),)(R)

L(Q); 111 = —° St g bf gNim N1 i=1,...,1
L(Z)ij =0, i<j<l+1
L(Q)ij = §% xg by b} gV N i~Niti=j=2, 1<i—j<lI
]L(g)l“rl i € Kq bl b1+1 QZN'_N"H_l, i=1,...,1—-1
L()pg1,; = ¢+ b, gt N I i=1,...,1

L(0)i = qu/ i=1,...,1, L(0)i41,141 = q_Nl,Hl - qN1,1+1+1+1
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