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Outline

modi�ed gravity =⇒ uni�ed theory of gravity and electromagnetism;

addition of matter:

∗ classical point-like particle;

∗ scalar �eld;

∗ spinor �eld.
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Introduction

General Relativity - current description of gravity in modern physics

Consider modi�ed gravity:

presence of torsion: Sαµν = Γαµν − Γανµ 6= 0;

metric and connection are independent variables (Palatini Formalism):

Γρµν 6= 1

2
gαρ(∂νgαµ + ∂µgνα − ∂αgνµ).
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Gravity �eld equations without matter

The Einstein-Hilbert action:

S1 = − 1

2κ

∫
d4x
√
−ggµνRµν(Γ), (1)

where κ is Einstein`s constant, Rµν is Ricci tensor, g ≡ detgµν .

How this action related to S̄1 = − 1

2κ
∫
d4x
√
−ggµνR̄µν(Γ̄(g))?

X̄ − Riemannian object.
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Relation S1 and S̄1

Introduce

Γ̂αµν = Γαµν − Γ̄αµν −→ Rµναβ = R̄µναβ + [D̄αΓ̂µβν ]αβ + [Γ̂µαξΓ̂
ξ
βν ]αβ, (2)

and

S1 = − 1

2κ

∫
d4x
√
−g(gµνR̄µν + Γ̂µµξΓ̂

ξ
βαg

βα − Γ̂µβξΓ̂
ξ
µαg

αβ) =

= S̄1 −
1

4κ

∫
d4x
√
−g Γ̂µαγ Γ̂δβνLµ

αγ,
δ
βν︸ ︷︷ ︸

S̆1

, (3)

where

Lµ
αγ,

δ
βν = δγδ δ

α
µg

βν − δγδ δ
β
µg

αν + δβδ δ
ν
µg

αγ − δαδ δνµgγβ (4)
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Transformation of S̆1

S̆1 =
1

4κ

∫
d4x
√
−g Γ̂µαγ Γ̂δβνLµ

αγ,
δ
βν (5)

Split Γ̂αµν :

Γ̂αµν = Γ̃αµν︸︷︷︸
Γ̃α
µα=0

+
1

4
B̂µδ

α
ν︸ ︷︷ ︸

B̂µ=Γ̂α
µα

. (6)

=⇒ S̆1 = 1

4κ
∫
d4x
√
−g Γ̃µαγ Γ̃δβνLµ

αγ,
δ
βν
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Equations of motion

Total action

S1 = S̄1+ S̆1 = − 1

2κ

∫
d4x
√
−ggµνR̄µν−

1

4κ

∫
d4x
√
−g Γ̃µαγ Γ̃δβνLµ

αγ,
δ
βν

Independent variables: gµν ; Γαµν −→ Γ̃αµν , B̂µ.

∗ δΓ̃αµν : Γ̃αµν = 0;

∗ δB̂µ: B̂µ is missing out from action;

∗ δgµν : R̄µν − 1

2
R̄gµν = 0.

Therefore, full equivalence to the GR.
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Field B̂µ

Consider Rµµαβ :

Rµµαβ = [∂αΓµβµ]αβ = [∂αΓ̂µβµ]αβ = ∂αB̂β − ∂βB̂α. (7)

Construct an additional action:

S2 = −θ
∫

d4x
√
−gRµµαβRννρσgαρgβσ, (8)

So, δB̂ : D̄α(∂µB̂ν − ∂νB̂µ) = 0.

Under U(1) transformation: B̂µ 7−→ B̂µ − ∂µα.
B̂ - like an electromagnetic potential!
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Addition of matter

Point-like particle

Sm + S3 = −m
∫

dτ
√

ẋµ(τ)ẋν(τ)gµν(x(τ))− q

∫
dτ ẋµ(τ)B̂µ(x(τ)),

(9)

Equations of motion
Γ̃αµν = 0;

R̄µν − 1

2
R̄gµν = κ(T1µν + T2µν); −→ gravity

D̄µF
µν = 4πjν ; +electrodynamic

muµD̄µu
α = −quξF ξα,

where Fµν ≡ Rααµν , jν = q
∫
dsuνδ(x − x(s))

1√
−g

,

T1µν + T2µν = ρmuµuν − 1

4π (FµαFν
α − 1

4
gµνF

αβFαβ),
ρm = m

∫
dsδ(x − x(s)) 1√

−g , uµ = ẋµ 1√
ẋαẋβgαβ

.
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Addition of matter

Matter �eld

Scalar �eld ϕ:

Instead of Sm + S3 −→ Sϕ:

Sϕ =

∫
d4x
√
−g((∂µ + i B̂µ)ϕ)∗(∂ν + i B̂µ)ϕ)gµν . (10)

Total action:

S = − 1

2κ

∫
d4x
√
−ggµνR̄µν −

1

4κ

∫
d4x
√
−g Γ̃µαγ Γ̃δβνLµ

αγ,
δ
βν−

− θ
∫

d4x
√
−gRµµαβRννρσgαρgβσ + Sϕ (11)
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Addition of matter

Dirac spinor �eld Ψ

Metric gµν −→ tetrad eaµ: gµν = eaµe
b
ν ηab;

D̄µe
a
ν = ∂µe

a
ν − Γ̄αµνe

a
α + ω̄µ

a
be

b
ν = 0 −→ ω̄µ

a
b = Γ̄αµνe

a
αe

ν
b − eνb∂µe

a
ν .

SΨ =

∫
d4x
√
−gΨ̄γceµc (∂µ + ω̄µab[γa, γb] + i B̂µ)Ψ, (12)

Total action:

S = − 1

2κ

∫
d4x
√
−ggµνR̄µν −

1

4κ

∫
d4x
√
−g Γ̃µαγ Γ̃δβνLµ

αγ,
δ
βν−

− θ
∫

d4x
√
−gRµµαβRννρσgαρgβσ + SΨ (13)
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Addition of matter

Generalization to GL(2,C )

Whel spinor χA and (χA)∗ ≡ χȦ:

eµa −→ eµ
AḂ

=
1√
2
σa
AḂ

eµa ; (14)

(eµ
AḂ

)∗ = eµ
BȦ
. (15)

Sχ =

∫
d4x
√
−g(iχȦeµ

BȦ
Dµχ

B − iχAeµ
AḂ

Dµχ
Ḃ), (16)

where Dµχ
B = (δAC∂µ + ωµ

A
C )χC .

Constructing metric

εAB −→ EAB(x) = ϕ(x)εAB , (17)

gµν = eAḂµ eCḊ
ν εACεḂḊ −→ gµν = eAḂµ eCḊ

ν EACEḂḊ . (18)
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Addition of matter

Generalization to GL(2,C)

Γαµν is not independent variable:

Dµe
AḂ
ν = ∂µe

AḂ
ν − Γσµνe

AḂ
σ + ωµ

A
Ce

CḂ
ν + ωµ

Ḃ
Ḋe

AḊ
ν = 0 (19)

−→ Γαµν = eα
AḂ

(∂µe
AḂ
ν + ωµ

A
Ce

CḂ
ν + ωµ

Ḃ
Ḋe

AḊ
ν ) (20)

Split connection:

ωµ
A
B = ω̃µ

A
B︸ ︷︷ ︸

ω̃µ
A
A=0

+
1

2
(iAµ + Bµ)δAB (21)

Change variables

eAḂµ −→ ẽAḂµ = eAḂµ |ϕ|; χA −→ χ̃A = χA
√
|ϕ|
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Addition of matter

Introduce ω̂µ
A
B :

ω̂µ
A
B = ωµ

A
B − ω̄µAB (22)

De�ne Riemannian connection ω̄µ
A
B :

∂µẽ
AḂ
ν − Γ̄αµν ẽ

AḂ
α + ω̄µ

Ȧ
Ċ ẽ

BĊ
ν + ω̄µ

B
D ẽ

DȦ
ν = 0 (23)

So, rewrite connection:

ωµ
A
B = ω̄µ

A
B + ω̂µ

A
B +

1

2
(iAµ + Bµ)δAB ; (24)

Γ̃αµν = 2Re(ω̂µBD ẽ
BĊ
α ẽDȦ

ν EȦĊ ). (25)

Independent variables: ẽAḂµ ; χ̃A; ωµ
A
B −→ Γ̃αµν ,Bµ,Aµ
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Addition of matter

Instead of −θ
∫
d4x
√
−gRµµαβRννρσgαρgβσ:

S2 = −θ
∫

d4x
√
−ggαµgβνFA

AαβF
B
Bµν , (26)

where FA
Bµν = [∂µων

A
B + ωµ

A
Cων

C
B ]µν

Total action

S = − 1

2κ

∫
d4x
√
−ggµνR̄µν−

− θ
∫

d4x
√
−ggαρgβσ((∂αAβ − ∂βAα)(∂ρAσ − ∂σAρ)+

+ (∂αBβ − ∂βBα)(∂ρBσ − ∂σBρ))+

+

∫
d4x
√
−g(χ̃Ȧi ẽµ

BȦ
(δBC ∂µ + ω̄µ

B
C + iAµδ

B
C )χ̃C + h.c .)−

− 1

4κ

∫
d4x
√
−g Γ̃µαγ Γ̃δβνL

µαγ,δβν+
1√
8

∫
d4x
√
−gEβανµΓ̃ανµχ̃Ȧẽβ

BȦ
χ̃B
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Addition of matter

Variation δΓ̃:

Γ̃µαγ = CLµαγ,δβνE
σδβν jσ =⇒

Sad =
1

4κ

∫
d4x
√
−g Γ̃µαγ Γ̃δβνL

µαγ,δβν+

+
1√
8

∫
d4x
√
−gEβανµΓ̃ανµ χ̃Ȧẽβ

BȦ
χ̃B︸ ︷︷ ︸

jβ

=

= β

∫
d4x
√
−gjαjβgαβ, (27)

where

jαjβgαβ = χ̃Ȧẽα
BȦ
χ̃B χ̃Ċ ẽβ

DĊ
χ̃Dgαβ = χ̃Ȧχ̃B χ̃Ċ χ̃DεBDεȦĊ = 0 (28)
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Addition of matter

Final action:

S = − 1

2κ

∫
d4x
√
−ggµνR̄µν−

− θ
∫

d4x
√
−ggαρgβσ((∂αAβ − ∂βAα)(∂ρAσ − ∂σAρ)+

+ (∂αBβ − ∂βBα)(∂ρBσ − ∂σBρ))+

+

∫
d4x
√
−g(χ̃Ȧi ẽµ

BȦ
(δBC ∂µ + ω̄µ

B
C + iAµδ

B
C )χ̃C + h.c .) (29)

Therefore, this is a standart action to the Einstain-Dirac-Maxwell theory.

Electromagnetic potential Aµ is a component of imaginary trace of

connection.
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Addition of matter

Properties of Lµ
αγ,

δ
βν

Lµ
αγ,

δ
βν = δγδ δ

α
µg

βν − δγδ δ
β
µgαν + δβδ δ

ν
µg

αγ − δαδ δνµgγβ

64× 64 matrix;

symmetric: LIK = LKI , I ≡ {µαγ};
4-dimensional zero proper subspace: Lµ

αµ,
δ
βν = 0;

−→ rank 60.
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