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Knots as particles

Atoms are knotted vortex tubes

in ether.
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Knots as particles

Atoms are knotted vortex tubes

in ether.

The mass spectrum of glueballs

RRLA

S B e
s',—;'.%’ofo-.}h‘.‘{‘. O_‘
(W ) -
yi!

5

R. V. Buniy, T. W. Kephatrt, C. J. Morningstar and M. J. Peardon
“A model of glueballs” PLB 576, 127 PRD 60, 034509 (1999)



SU(2) Yang-Mills fields in the IR limit
L. D. Faddeev & A. J. Niemi,PRL 82, 1624 (1999)

QCD in UV limit --- asymptotic freedom

. - _ : 1
in IR limit -+ color confinement V€V difjerent phases!

- In the IR limit with monopole condensation, some other order
parameter could play a central role rather than the gauge field 4,,.



SU(2) Yang-Mills fields in the IR limit

L. D. Faddeev & A. J. Niemi,PRL 82, 1624 (1999)

QCD in UV limit --- asymptotic freedom
in IR limit --- color confinement

- In the IR limit with monopole condensation, some other order

Very different phases!

parameter could play a central role rather than the gauge field 4,,.

Cho-Faddeev-Niemi (CFN) decomposition
A% = Cyng + €9 npn, + pdyn, + 0?9 nyn,
C,: Abelian gauge field, 71 = (nqy,n,,n3) with || = 1,

p, o: scalar field

,C, = p =0 =0, it gives the Wu-Yang monopole.



Effective model in confinement phase

In the confinement phase (¢) = 0 where ¢ = p + io, we get
SU(2) Faddeev-Niemi model

S = j d*x {N2(0,7)" + (9,7 x 0,7)"}

— Preimage of the Hopf map —
For static configurations, OPS=S2  Phys.sp. = R3~S3
n defines a mapping S3 — S2.

3(S%) = Z == Knot solitons




CFN decomposition of SU(3) gauge fields

Decomposition L.D. Faddeev and A. J. Niemi, PLB 449, 214 (1999)

A, =Cing + i[na, 6una] + pab{na, 6Mnb} + i0,) [na, aunb]

n, = Uh,UT U € SU(3)

-SU(3) Faddeev-Niemi model
eff = Z Jd4 MZTF( Tlaa Tla) + — 82 FMC%/FCLMV}

i
Fy =— ETr(na [6unb, 6vnb])

OPS= SU(3)/U(1)* = F, Cf. §2 = SU(2)/U(1)
n3(F,) =7Z =» Knot solitons
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The SU(2) Faddeev-Niemi model

J. Gladikowski & M. Hellmund, PRD 56, 5194 (1997)
The static energy L. D. Faddeev & A. J. Niemi, Nature 387, 58 (1997)

— 1 — —\ 2
E = ]d3x {MZ(ain)Z + e—z(ain X 0,7) }

The Hopfions
P. Sutcliffe, Proc. Roy. Soc. Lond. A 463, 3001 (2007)
R. A. Battye & P. M. Putcliffe, PRL 81, 4798 (1998)
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Stereographic projection S* — CP?

1
ﬁ=Z(u+u*,—i(u—u*),|u|2 - 1) A=1+|ul?



The SU(2) Faddeev-Niemi model

J. Gladikowski & M. Hellmund, PRD 56, 5194 (1997)
The static energy L. D. Faddeev & A. J. Niemi, Nature 387, 58 (1997)

— 1 — —\ 2
E = fd3x {MZ(ain)Z + e—z(ain X 0,7) }

Stereographic projection S* - CP*
1

ﬁ’=Z(u+u*,—i(u—u*),lul2 - 1) A=1+|ul?

At the end of my talk,
we see the e.o.m. of the SU(3) model reduces to
that of the SU(2) case with the stereographic projection.
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The F, nonlinear o-model
The action density
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The F, nonlinear o-model
The action density

2 2 2
S =|z}0,zs|" + |Z10,Z¢|” + |210,Z,]

(a) _ T
D> =d,—(Z,0,Z
u u (Za H 2) Copies of the CP? NLa-model

A. D'Adda et.al., NPB 146, 63 (1978)

2
- |280,24]°)

) =fd2x (‘D,EA)ZA‘Z + ‘fo)zc‘z

2 :
> 2n(|Nal| + |Nc|) — f dzx‘Zéré‘uZA‘ Non topologlcal.’

Winding number of a map S* — CP?

l T
No == [ d?xe® (D\"Z,) DSPZ, ~ Na+Np+Nc=0

2T



Parametrization
Isomorphism SU(3)/U(1)? = SL(3,C)/B.

1 0 O
<u1 1 O) = (cq,¢,,c3) € SL(3,0C) 6 DOF = dim(F,)
U, uz 1

Gram-Schmidt
orthogonalization process

U= (ZA,ZB,Z(:) S SU(3)



Parametrization
Isomorphism SU(3)/U(1)? = SL(3,C)/B.

1 0 O
<u1 1 O) = (cq,¢,,c3) € SL(3,0C) 6 DOF = dim(F,)
U, uz 1

Gram-Schmidt
orthogonalization process

U= (ZA,ZB,Z(:) S SU(3)

%

1 (1 1 —Uj — UpU3 1 [U1U3 — U3
Zp = —(u1> g = 1 —ujusus + |uyl? Zc = _< —U3

VA182 \ ity + g + usuy |2 VA2 |

Ay =1+ |ug)? + |uy)? Ay =1+ uz|® + lujus — uy|?

|



The 2D instantons

The BPS-like bound

2
S = 27T(|NA| + |Ncl) — f dZX‘ZgaMZA‘

\ satisfied if and only if

u; = uj(xg £ixy)

forj =1,2,3.



The 2D instantons

The BPS-like bound

2
S = 27T(|NA| + |Ncl) — f dZX‘Z(-I:-aMZA‘

\ satisfied if and only if

u; = uj(xg £ixy)

forj =1,2,3.

Stationary points in the bound correspond to the instantons.

2

— |

u1 — u3 — O
Uy = Uy (xq £ ixy)

H. T. Ueda, Y. Akagi & N. Shannon
\PRA. 93, 021606(R) (2016)
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The 2D instantons
The BPS-like bound

2
S = 27T(|NA| + |Ncl) — f dZX‘Z(-I:-aMZA‘

A\ satisfied if and only if | u; = u;(x; * ix;) | for j = 1,2,3.

Stationary points in the bound correspond to the instantons.

2

— L N I~

U1 = Uz = 0 U = uk(xl + ixz) k=12
U, = uUy(xq £ixy) uzd,uy — dyup; =0
H. T. Ueda, Y. Akagi & N. Shannon, Y.A. & N. Sawado,

\PRA. 93, 021606(R) (2016) Yy, \PRD 97, 065012 (2018) Yy

Embedding type Genuine type
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The SU(3) Faddeev-Niemi model

The Lagrangian

For simplicity
L= E M?2T oHtn, ) — F“ Faty ‘
r( ulta na) e2 MV wesetM =e = 1.

Fy = —ETr(na [Bﬂnb, anb])

n, = Uh,UT U= (Zs Zg, Zc) € SUQ3)

The Cartan-Weyl basis
hy = /13/\/2 hy = )LS/\/E

0 1 0 0 0 0 0 0 0 .
=<ooo>, e2=000,e3=001> e_p, = (ep)
0 0 0 1 0 0 0 0 0



Equations of motion
Cartan decomposition ~ U'0,U = iAlh, +iJ, e,

The EL eq. is equivalent to conservation of the Noether
current X, associatedto U — gU, g € SU(3).

x, =UB, Ut  9,B*+|UTO*U,B,| =0
——_

= lZ(Jp iagELJPY) e,

I*K, = 0



Equations of motion
Cartan decomposition ~ U'0,U = iAlh, +iJ, e,

The EL eq. is equivalent to conservation of the Noether
current X, associatedto U — gU, g € SU(3).

x, =UB, Ut  9,B*+|UTO*U,B,| =0
—_

OHIC, = 0
By = iE(Jﬁ = i“gFu%Jpv) €p
p

- The equations of motion

04(Jy = iGyJP") + iRPH(Jy = iG, I

_|_Gpltv(7;p—1 J;p+1 — 0 Vp =1,2,3

Rﬁ — aZAﬁ, G/fv — agFiﬁ, al = Tr(e_p |he, ep])




Trivial embedding

The embedding can be realized if two of the scalars vanish.
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Trivial embedding

The embedding can be realized if two of the scalars vanish.

_ _ 1 0 —-u"
U, =u-, =0, 1
1_ : = U =— VA 0 A=1+|ul?
Uz =1 \/Zu 0 1

1 _— 93 _ Z_i
We have J,=J; =0, Ju—zaﬂu

The e.o.m for p = 1, 3 are automatically satisfied and
for p = 2 reduces to

0”[6Hu — iGﬂva"u] + (iRM — 0, log A)(0%u — iG*Ya,u) = 0

R, = Z(u d,u —ud,u ) Gy = —p(aﬂuavu — d,u avu)



Trivial embedding

The embedding can be realized if two of the scalars vanish.

_ _ 1 0 —-u*
U, =u-, =0, 1
P > U=—(0 V& 0 A=1+|ul?
Uz =t \/Zu 0 1

1 3 _ Z_i
We have J,=J; =0, Ju—zaﬂu

The e.o.m for p = 1, 3 are automatically satisfied and
for p = 2 reduces to

0”[6Hu — iGﬂva"u] + (iRM — 0, log A)(0%u — iG*Ya,u) = 0
R, = Z(u d,u —ud,u ) Gy = —p(aﬂuavu — d,u avu)
The EL eq. of the SU(2) Faddeev-Niemi model



Genuine solution
Our strategy

(i) We impose J; « u30,u; — d,u, = 0.
m u; = f(uy), us = f'(uy)
(ii)EL eq. for p = 1, 3 are proportional to each other.
) (1+ Jugl® + luz|®)/( + lusl? + lugug — uyl?) = const.
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Genuine solution
Our strategy

(i) We impose J; « u30,u; — d,u, = 0.
m u; = f(uy), us = f'(uy)
(ii)EL eq. for p = 1, 3 are proportional to each other.
) (1+ Jugl® + luz|®)/( + lusl? + lugug — uyl?) = const.

1 —2u*  —u*?
Uy = Uz = V2, 1
1 > = U=—|+V2u 1-|ul*> V2u*
uZ s —uz A
—u?  —\2u 1

The e.o.m for p = 2 is automatically satisfied and
forp = 1,3 reduce to

aﬂ[aﬂu — iGWa"u] + (iRﬂ — d, log A)(é‘“u —iG*Yo,u) =0
The EL eq. of the SU(2) Faddeev-Niemi model !!



Summary

We confirmed the existence of Hopfions
in the SU(3) Faddeev-Niemi model.

The model is an effective model of the SU(3) pure YM theory.

We found an ansatz of nonembedding type which the e.o.m.
reduces to the SU(2) Faddeev-Niemi model.

Outlook
Stability of the Hopfions

Implication of the constraint

Estimation of mass spectrum of glueballs



Summary

We confirmed the existence of Hopfions
in the SU(3) Faddeev-Niemi model.

The model is an effective model of the SU(3) pure YM theory.

We found an ansatz of nonembedding type which the e.o.m.
reduces to the SU(2) Faddeev-Niemi model.

Outlook
Stability of the Hopfions

Implication of the constraint

Estimation of mass spectrum of glueballs

Thank you for your attention!






Reformulation

Cartan decomposition of the Murer-Cartan form

Ut9,U = iAlh, +iJ} e, p=11,12,13.
Under the gauge transformation U — U exp(i8%h,),
Al — A% + 0,07 Jh - Jﬁe—ié’“ag

The energy functional
3
1 2
_ 3 qq-q9 _ — qq—-9 _ q+1 —(Cl+1)
= [ax ) oo - tay - a5 )|
q:
gy =907, =3}

The energy represents the gauge fixing functional
for a nonlinear maximal Abelian gauge.



Parametrization

X1 0 0
X2 Xa 0 — (Cl' Co, C3) Xl = O,X4 = 0 10 dOf
X3 xs (Grxa)™

Gramm-Schmit orthogonalization process

X2/X1= U1, X3/X1 = U2, X5/Xa = U3 ¥; = arg(x;)
U = (Zpe™r, Zge't, Z e t01194)) 8 dof = dim(SU(3))
W = (Za,Zg, Z¢) 6 dof = dim(F,)

1 ( | ) 1 —Uj — UpU3 1 [UiUz — Uy
Ip=——|U | Zp= 1 —ujuzuz + |uy|? Ze =—F—= —U3
VA1 Uy VA4, —uUjuU, + uz + usluy|? A 1

Ay =14 |ug|? + |uyl? Ay =1+ uz|® + lujus — uy|?



The Hopf invariant

M. Kisielowski, J. Phys. A49, 17, 175206 (2016)
Exact sequence

0 - > m3(SU)) - m3(SUB)/U)Z) - -+ > 0

Isotropy fHopf invariant h
- =Winding number of U:S3 - SU(3)
3 (FZ) = T3 (SU(B)) =CS term for the SU(3) pure gauge R

w w \ <

H = Tr(Utdy)® = = JT(R/\dR)+2T(R/\R/\R)

_247:2] f(UTdU) = | T 30
R =U%dU
The Hopf invariant

1

» 1 »
H = @jd% EURA?F}-C;( +ﬁjd3x Euklm((?ll(jjz(jl%)



CFN decomposition of SU(3) gauge fields

There are two options of the decomposition:

SB pattern Order parameter space | Homotopy group
SU3) » U(1)? | F, =SU(3)/U(1)? n3(F,) =Z
SU3) - U(2) CP? =5SU(3)/U(2) 3(CP?) =0

Decomposition L.D. Faddeev and A. J. Niemi, PLB 449, 214 (1999)
_ a " "
A, =Cing + l[na, auna] + pab{na, aun,,} + io,y [na, aun,,]

-SU(3) Faddeev-Niemi model

eff = 2 fd4 MZTF( naa na) + — 82 FM%,Fauv}

n, = Uh,UT U € SU(3) Fa = —ETr(na[aﬂnb,avnb])




Effective models of the SU(2) YM theory

(1) Coulomb phase
The original Yang-Mills action at low energy

(2) Higgs phase (¢p) = 0 ¢=p+io

Seff — fd4x {G;%v + ‘D,uqb‘z + (1 — |¢|2)2}

G,y = 0,C, —0,C,, D,=0,+iC, Abelian Higgs model

[(3) Confinement phase (¢) = 0 A

5. = f d*x {A2(9,7)” + (9,7 x 8,7)° )
SU(2) Faddeev-Niemi model

\_




The SU(2) Faddeev-Niemi model

J. Gladikowski & M. Hellmund, PRD 56, 5194 (1997)
L. D. Faddeev & A. J. Niemi, Nature 387, 58 (1997)
The static energy

— 1 — — 2
E = fd3x{M2(6in)2 + e—z((?in X ajn) }
n— const.asx >0 = n:R3~S53—>S5% Hopfmap
m3(S%) =Z The top. charge can be defined.

Derrick’s theorem
E:E2+E4 M E[ﬁ,l] =A_1E2 +/1E4_

OE[n;1] = —E, + E, = 0 If £, is absent,
07E[1; 1] = 2E, > 0 there are no stable solitons.



The SU(2) Faddeev-Niemi model

J. Gladikowski & M. Hellmund, PRD 56, 5194 (1997)
L. D. Faddeev & A. J. Niemi, Nature 387, 58 (1997)

:fd3 {Mz(an)2+—(0n><0n) }

Stereographic projection S* — CP1

1
ﬁ:Z(u+u*,—i(u—u*),|u|2 —1) A=1+|ul?

The static energy

The complex scalar u is convenient to solve the EL eq..

But ..., the topological charge cannot be defined by 71 nor wu.
=) We need to introduce Z = (Z,,Z,)T where u = Z,/Z,.

Hopf invariant € n3(S%) =Z

H——jd?’xcﬂ/\dcfl A =iZTdZ



Applications in condensed matter physics

There are many suggestions that
knot solitons appear in condensed matter physics;

* Triplet superconductor E. Babaev, PRL 88, 177002 (2002)

- '~ iy P. J. Ackerman & I. I. Smalyukh,
Nematic liquid crystal S o AL ()

SU(3) analogue

* Color superconductor | described by
* Spin-nematic " the SU(3) Heisenberg model.

OPS of the SU(3) AFH model on the Cubic lattice = F,

Continuum limit,  The SJ(3) Faddeev-Niemi (like) model



