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The Sachdev-Ye-Kitaev (SYK) model
The SYK Hamiltonian

Hsyik = JabcdVa¥pthctbd

where j,pcq are constants taken from the Gaussian distribution

. J?
<./§bcd> = m

and ) are the Majorana fermions satisfying

{tas b} = 0ap, a,b=1,..,N
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Free energy and replica trick

In order to evaluate the free energy in a quenched disorder system,
one needs to use the replica trick

log ZM
—BF =logZ = lim ———
fF =logz = lim =
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Free energy and replica trick

In order to evaluate the free energy in a quenched disorder system,
one needs to use the replica trick

log ZM

—BF =log Z = lim &

M—0

Take M replicas of the system

Z(B)M = / Dipe St Jo 97 ()97 (7)Hapea 5 (N9 ()9 ()95 (7)

To average over disorder, we introduce bilocal fields G and X in
order to simplify the calculations. ¥ is a Lagrange multiplier that

sets Gop(7.7') = 5 >, 0 (r Yl (7).
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Free energy and replica trick

In order to evaluate the free energy in a quenched disorder system,
one needs to use the replica trick

. logZM
_ﬂF_IOgZ_/\LITo M

Take M replicas of the system
Z(A)M = / Dipe— Sta S8 107 (70 () Hasea ()05 () (1) 1)

To average over disorder, we introduce bilocal fields G and X in
order to simplify the calculatlons Y is a Lagrange multiplier that
sets Gop(7.7) = 4 >, 09(r )15 (/). Integration over disorder
gives

Z(B)M = / DGDY. Det[§ap0r — Tapg]? X

exp { Sus J3 i drid (Zaﬁ(ﬁﬂ?)Gaﬁ(Tlﬂ?) - szcaﬁ(ﬁﬁz)“)]
saddle point egs: G(w) = ﬁzwy Yo7, 7)) = S Gap(7,7')?
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IR limit

IR limit in the SYK model <= drop O, from the action.
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IR limit

IR limit in the SYK model <= drop O, from the action.
The path integral in this limit

Z(B)M = / DGDY. Det[— o] 7 x

exp {_g Zaﬁ foﬁ foﬁ d71d7 (Zaﬂ(ﬁa 72) Gap(T1, T2) — J{(Gag(rl, 7'2))4)
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IR limit

IR limit in the SYK model <= drop O, from the action.
The path integral in this limit:

Z(B)M = / DGDY. Det[— o] 7 x

exp {_g Zaﬁ foﬁ foﬁ d71d7 (Zaﬂ(ﬁa 72) Gap(T1, T2) — J{(Gag(rl, 7'2))4)

and the saddle point equations:

G)= _Z(lw)’ ZO‘B(T7 7',) = JzGaﬁ(T’ 7_/)3

Maria Tikhanovskaya New large N solutions in the Sachdev-Ye-Kitaev model Quarks 2018 7/ 27



Replica Diagonal (RD) solution and Replica Symmetry
Breaking (RSB)

In the IR limit the saddle point equations are exactly solvable

sgn(7) 1
Gap(T )_Paﬂbu e A=
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Replica Diagonal (RD) solution and Replica Symmetry
Breaking (RSB)

In the IR limit the saddle point equations are exactly solvable

sgn(7) 1
Gap(T )_Paﬂbu e A=

saddle point equations for P,g:

Z Pas 'ng -
3
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Replica Diagonal (RD) solution and Replica Symmetry
Breaking (RSB)

In the IR limit the saddle point equations are exactly solvable

sgn(r) A _1

Gag(T) = Pagbro—x
5(7) = Pasbioan 1

saddle point equations for P,g:

5" PusP, — i,
B

» RD ansatz: Pyg = d,4, [Kitaev'15; Polchinski,Rosenhaus’16;
Maldacena,Stanford'16;...]
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Replica Diagonal (RD) solution and Replica Symmetry
Breaking (RSB)

In the IR limit the saddle point equations are exactly solvable

B sgn(7) 1
Gap(r) = Paﬂbu e A=

saddle point equations for P,g:

Z Pag 'D?;’y -
B

» RD ansatz: Pyg = d,4, [Kitaev'15; Polchinski,Rosenhaus’16;
Maldacena,Stanford'16;...]
» RSB ansatz:
- P,p = any skew-symmetric matrix [0-dim model:
Aref'eva,Volovich'18]
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Replica Diagonal (RD) solution and Replica Symmetry
Breaking (RSB)

In the IR limit the saddle point equations are exactly solvable

sgn(7)  ,_1

Goz = Pa b )
/3(7_) B |JT|2A 4

saddle point equations for P,g:

> PagP?, = Cday
8

» RD ansatz: P,g = dap, [Kitaev'15; Polchinski,Rosenhaus’16;
Maldacena,Stanford'16;...]
» RSB ansatz:
- P,p = any skew-symmetric matrix [0-dim model:
Aref’eva,Volovich'18]
- P, = Parisi martix [present work]
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Parisi martices

Parisi matrices are constructed of m; blocks, where i = 1,..., M and
| parameters under the following conditions [Parisi'72]:

P ad ... ad 11 .1

ard P, ar d 1 1 ... 1
[ 101 | 1 di g =

ardr ardr .. Py 11 1 1
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Parisi martices

Parisi matrices are constructed of m; blocks, where i = 1,..., M and
| parameters under the following conditions [Parisi'72]:

P ad ... ad 11 .1

ard P, ar d 1 1 ... 1
[ 101 | 1 di g =

ardr ardr .. Py 11 1 1

In the case of M = 4 it looks like

a d1 a2 a2
dy adg da2 a
a a» 4dp a1
dp dp 4di Aag

Py =
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Parisi martices

The saddle point equations for the parameters of the matrix
C=aj+ ) af(m1—m)

ajag—i—aoaf’ +Z(a,-aj3 +ajad)(mip1—m;) = mj j-‘— S at(mip1—mj)
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Parisi martices
The saddle point equations for the parameters of the matrix
= ap + Z (mj1 — mj)

aja3 +a0a; +Z(a;af +aja7)(mir1—m;) = mjal =37 af (mip1—m;)

In the limit M — 0 the saddle point eqs become
e=£—@ﬂ

a(u)[ag — (%) +a°(u)[a0 — ()] = Jo' [a(v) — a(u)][a*(v) — 2*(u)] dv

where the angular brackets denote the average over v

/1 aP(v)dv = (aP)
0
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One-step ansatz

To solve the equations, we need to make some assumption. Let the
function a(u) be:

a(u) = Ao+ A10(u — p)
where i is the breakpoint and which is considered in

[Georges,Parcollet,Sachdev'99] in the context of the original
SY-model

Maria Tikhanovskaya New large N solutions in the Sachdev-Ye-Kitaev model Quarks 2018 17 / 27



One-step ansatz

To solve the equations, we need to make some assumption. Let the
function a(u) be:

a(u) = Ao+ A10(u — p)

where i is the breakpoint and which is considered in
[Georges,Parcollet,Sachdev'99] in the context of the original
SY-model

The saddle point equations
ag — (Ao + A1) + A1 (240 + A1) (A% +2A1A0 + A2 = C
Ao(a0A3+a3 + A3 (u—1)+3A0A2(n—1)+4A%A1(n—1)—2A3) = 0;
A1(A3 (ap + Ao(31t — 7)) + 3A0A1 (a0 + Ao(i — 3)) + 3a0A3
a3+ Ad(u—2) — 4A3) =0

Maria Tikhanovskaya New large N solutions in the Sachdev-Ye-Kitaev model Quarks 2018 18 / 27



Classes of solutions for a(u)

The saddle point equations admit solutions
1. Replica-diagonal solution: Ay =0, A; = 0.
2. Replica-symmetric solution: Ag = ag, A1 = 0.
It cannot be a solution of the full SYK model, since it requires
¢ =0.
3. Replica-symmetric complex-valued solutions:

Ap = % (-1+iv7)
A =0
4. RSB simple solution: Ap = 0 which provides
Afag +ag + A3(u—2)=0
a3 + a0AT + Af(u—2) =0

5. More complex solutions: Ag # 0 and A; # 0 = numeric

calculations
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Free energy on the RSB solution
The free energy is:
1 -
—BF = lim — log ZM
b Mo M 8
The replica and time dependencies separate

%SM = ~Trlogl—(Tap)]

+J2 J8 dridra Y, (zaﬁ(ﬁ,n)caﬂ(n,rz) . JT,,Z(GaB(Tl,Tz))q> _
-Mlog det[—J2gc(r, 7)971] = A (Iog det[C/a-1Qo(a-1)] — 1;qu)
where A ~ 5J /7 . The only one term we have to think about in
the M — 0 limit gives:
1_
log det[C1/971 Q(971)] = Tq log €+ log(ag ' — (a7 1))

L LAy jog B[N a17k(0)
0 v2'98 a1 —(a9-1) . al 1 (a9-1)

other terms are the same as in the RD case

Maria Tikhanovskaya New large N solutions in the Sachdev-Ye-Kitaev model Quarks 2018 20 / 27




Free energy on the RSB solution

The plot of the replica dependent term of the free energy as a
function of breakpoint at ag = 0.7 and J ~ 10
F
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Free energy on the RSB solution

The plot of the replica dependent term of the free energy as a
function of breakpoint at ag = 0.7 and J ~ 10
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1. saddle points are complex valued
2. a landscape of metastable states
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Comparison of RSB solution with replica-diagonal solution

The expression for the free energy:

» RD case low temperature expansion
[Maldacena,Stanford'16;Kitaev'17]:

c
BF =Bk —s0 — o3

Ep is the vacuum energy, so - zero temperature entropy,
¢ ~ N/J is the specific heat
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Comparison of RSB solution with replica-diagonal solution

The expression for the free energy:

» RD case low temperature expansion
[Maldacena,Stanford'16;Kitaev'17]:

c
BF =Bk —s0 — o3

Ep is the vacuum energy, so - zero temperature entropy,
¢ ~ N/J is the specific heat

» RSB case c
RSB
BF = BEy + BEg — S~ 55
where EfB arises from replicas.
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Reparametrization invariance

Reparametrization invariance of the system changes from the
replica-diagonal case

Gap(7,7") = £L(T)2F5(7)2 Gap(fa(7), f3(7"))
Tap(r,7) = £(1) A () A Eap(fa(7), f3())

H 1\yxM
where f,(7) € % — expanded reparametrization symmetry.

Each replica produces a soft mode with the total action

27
Stocal ~ B /0 S Sch (tan (£(6)) ,0) do
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Results

» We constructed the new large N solutions of the SYK model

» The part of the free energy which is depend on replicas, has
several metastable phases

» The factorized ansatz G,3(7) = P,sg(7) gives a correction to
the ground state energy BF = BEy + BESE — s — %

» The factorized ansatz breaks spontaneously the
reparmetrization symmetry = new solutions can be generated
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Results

» We constructed the new large N solutions of the SYK model

» The part of the free energy which is depend on replicas, has
several metastable phases

» The factorized ansatz G,3(7) = P,pg(7) gives a correction to
the ground state energy BF = BEy + BESE — s — 33

» The factorized ansatz breaks spontaneously the
reparmetrization symmetry = new solutions can be generated

Thank you for your attention
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