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Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Motivation

¢ Partial or total cancellation of UV divergences | ,v\e““\ia’\o“

(all bubble and triangle diagrams cancel) (
¢ First UV divergent diagrams at D=4+6/L o
¢ Conformal or dual conformal symmetry e
¢ Common structure of the integrands
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¢ On-shell finite up to 8 loops

D=4 N=8 Supergravity ¢ Similar to higher dim SYM
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. ¢ On-shell finite up to 8 loops
D=4 N=8 Supergravity ¢ Similar to higher dim SYM

Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — oo, ¢3-,;, — 0 and g3, N, - fixed

The aim: to get all loop (exact) resulit
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. ¢ On-shell finite up to 8 loops
D=4 N=8 Supergravity ¢ Similar to higher dim SYM

Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — oo, ¢3-,;, — 0 and g3, N, - fixed

The aim: to get all loop (exact) resulit

Study of higher dim SYM gives insight into quantum gravity



UV divergences In all Loops

Spinor-helicity formalism: S-matrix elements

D=4 N=4 No UV div IR div on shell
D=6 N=2 UV div from 3 loops No IR div
D=8 N=1 UV divfrom1loop NolIRdiv

D=10 N=1 UV divfrom1loop NolRdiv

All these theories are non-renormalizable by power counting
2] L 1
- MDb-H

The aim: to get all loop (exact) result for the leading (at least) divs

2
The coupling Y has dimension |g




Perturbation Expansion for the 4-point
Amplitudes for any D
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No bubbles
No Triangles _: _— R v .
FirstUVdivat AT &l [T - o
L=[6/(D-4)] loops 15
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IR finite
glﬂ’ st - s4t ! st + st
.,. 60
- st + £t
T. Dennen Yu-yin Huang 10, T

S.Caron-Huot D.O'Connell 10

Universal expansion for any D in maximal SYM due to Dual conformal invarianc4e



Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢” in n loops is

(n)
Re=y i al = (@)
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Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢” in n loops is

(n)
Re=y i al = (@)

e In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1-) KR+ KR.KR. — ..,

Y 5y
A(n)(,uz)”e A(n) (ILLQ)(TL—l)G A(n)(MQ)G
/ — n n—1 | | 1
BT(L"”/) 2\ne B(n_) 2\(n—1)e B(n) 2\€
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/ +lower order terms
SubLeading pole Agn), BY@) 1-loop graph

Bé”) 2-loop graph



Subleading Divergences from Generalized
«Renormalization Group»

* In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

All terms like (loglLLQ)m/ek should cancel

Leading pole
An) from 1 loop
A = (—p)nti — diagrams
n
B = (—1)" <EB§n> LT 23@) ‘ SubLeading pole

n n from 2 loop

diagrams

no /A g A%”)/ Bq(l”)/
mfan_z<k LBD) A B

€ e € € .
k=1 Just like In

renormalizable

(n) theories one can
A" (—1)"TtAln) — 4 deduce the
" " n leading,
/ 2 2 subheading, etc
B, = (n(n —1) By + nBl ) divergences from
1, 2, etc diagrams




R-operation and Recurrence Relation

D=6 N=2 Horizontal boxes + tennis court
/'\ Bkt Rkt
R': (__ __) - D —1 - 1 q ;oo
An An—l
A, =-A —> A, = (-1 Zs)"
nAn, = —An_1 n—(—)a (—g~s)
00 28
Summation 35 :;An(_z) c=T
2 22
Sp =5 —1-2- =)
2 2
e —0 ZL %{ > s> 0



R-operation and Recurrence Relation

D=6 N=2
Horizontal boxes + double tennis court
t 1 t As As 1At
nAn — _§AN—17 l nNAay, = —A,y 1 + § n—1
;o (=11 s 1(=p*1 1. 1
An = 3n—=3 pl’ An = 2 3n=3 nl 2( D n!
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o t 9
T S
Summation 2ip2 = Z A%(_Z)n T gAn(—Z)n 7 = g
n=3 €
) ! 27(e*/3 — 1 2 12 1ZS)(l—I—Qt) (e* —1— sz 1z2 1z3)
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R-operation and Recurrence Relation

D=6 N=2
Horizontal boxes + double tennis court
ndl =LA, | nAj = Ay 4 AL
f(=n™1 s 1(=p*1 1. 1
An = 3n—=3 pl’ An = 2 3n=3 nl 2( D n!
(—g?s)" 1 (—g*t) (—g°s)"
2
t S
Summation 22 = Z Ap(=2)" + A n(—2)" z = g °
€
Spo= b opers 2 L2 12 g oty ey e L
L2 = 5,2 |“1\° 329 627 s/ T \° T T 6

« Similar relations one can get for all other series
 All of them have 1/n! behavior
 Number of these series group as n!




All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

n > 4

S t —28/ d$/ dy n— 1 S, t' _l_Tn—l(Sat/))

t' =t(x —y) — sy

:—8/3 T3 —t/g



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

n >4

1 X
nS, (5.1) = —2s / i / dy (Sp_1(s.t') + Tu_1(s.t)) |
0 0 t =tlx —y) — sy

Sg — —8/3, T3 = —t/3

Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
n==k



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
nSy(s,t) = —2s d:):/ dy (Sn—1(s,t") + Tr1(s,1"))
0 0

Sz = —s/3, Ts = —t/3
Summation Sk(s,t,2) = Y (—2)"Sn(s,1)

n=k

d

Diff eqn d_24(5 t, 2 —23/ dx/ dy (Bs(s,t',2) + X3(t', s, 2)) |t =atryu
2



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
nSy(s,t) = —2s d:):/ dy (Sn—1(s,t") + Tr1(s,1"))
0 0

Sg — —8/3, T3 = —t/g

Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
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2

Ya(s,t,z) = Xs(s,t,z) + Ss(s,t)z° (s, t,2) = 2 %85(s, t, 2)



All loop Exact Recurrence Relation
D=6 N=2
s-channel term Sn(s,t) t-channel term Tn(S,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nS, (5.1) = —2s / da / dy (Sp_1(5,") + Tu_1(s,t'))
0 0
S

3 = —8/3, T3 = —t/g

Summation Sk(s,t,2) = Y (—2)"Sn(s,1)
n=k
: d
Diff eqn d—24(8 t,2) = 23/ dx/ dy (Xs(s,t',2) + X3(t', s, 2)) |t/ =attyu
2
Ya(s,t,z) = Xs(s,t,z) + Ss(s,t)z° (s, t,2) = 2 %85(s, t, 2)
d

2
Ly(s,t,2) = 5= 20(s,1,2) + 25 / iz / dy (S(s,t',2) + S(t',5,2)) sty
y <




Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=1 4
9 9 n—2
ndp =—jdn-1+ o Y ApAp_1p, n>3 A =1/6 1 loop box
k=1

10



Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=1 4
9 9 2
ndp =—jdn-1+ o > ApAnik, m>3 Ay =1/6 1 loop box
k=1
Summation Sm(2) = ) Ap(—2)"
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
nA, = _ZAn—l + o ]; AgAp—1-k, n=3 A1 =1/6 1 loop box
Summation Son(2) = Z Ap(=2)"
d 2 2 1 1
S ESy= T4 ST Ta=Ti4diz- A’ Dp=Tit Az A= g A= o
DA =20 : d 1 2 2
Diff eqn il 3 S E ) S — 3 2= g°s? /e
d2-AT T3 Tt pA g5/
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes AP = gn=1 g
9 9 n—2
nAn = -5 An1+ ]; ApAp_1-k, n>3 AL =1/6 1 loop box
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d 2 2 1 1
S ESy= T4 ST Ta=Ti4diz- A’ Dp=Tit Az A= g A= o
DA =D : d 1 2 2
Diff eqn il 3 S E ) S — 3 2= g°s? /e
A2 74T T3 T gtAT A 95"/

o 4tan(z/(8v/15)) B sin(z/(8v/15))
Bal) = VA avVE Y () BVS) — )
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All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))|t’=tx+yu

n—22k—2 AP
+ s /dazx 1—:132$‘Y p+2' e (Sk(s,t") + Ti(s,t")) x
k=1 p=0

dP

B X Sr—1-1(8, )+ T 1 (s, ')N]y=_sz (tsz(l —x))P
si=Lom- L g (Suak(s,t) 4 T, ) li=—so (t52(1 — )




All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term Th(s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))|t’=tx+yu

n—22k—2 AP
+ s /dazx 1—:132$‘Y p+2' e (Sk(s,t") + Ti(s,t")) x
k=1 p=0

p
1 1 d

B X Sr—1-1(8, )+ T 1 (s, ')N]y=_sz (tsz(l —x))P
si=Lom- L g (Suak(s,t) 4 T, ) li=—so (t52(1 — )

summation



All loop Exact Recurrence Relation

D=8 N=1

s-channel term

S, (s,t) tchannelterm 1), (s,

t) T, (s,t) = S,(t,s)

Exact relation for ALL diagrams

n—22k—2

1 x
nSy(s,t) = —232/ dx/ dy y(1 —x) (Sn_1

(Sa t/) =+ Tn—l (37 t/)) |t’:t:c—‘,—yu

dp
2 / /
+ /dazx 1-2)2) Y p+2' e (Sk(s,t') + Ti(s, 1)) X
k= 1 p= O
! L X2 (S (s,t")+ T (s,t"))] (tsz(l—x))”

_ _ n—1—k\S, n—1— ; '——sx —

Sl_E’Tl_E 4P 1—k 1—k\S t ST X
summation MNs(s,t,2) = X1(s,t,2) — Sa(s,t)2° + S1(s, 1)z, Ba(s,t,2) = X1(s,t,2) + Si(s, 1)z




All loop Exact Recurrence Relation

D=8 N=1

s-channel term

S,(s,t) tchannelterm T(s,?) T, (s,t) = Su(t,s)

Exact relation for ALL diagrams

1 T
nSy(s,t) = _252/ dx/ dy y(1 —x) (Sn_l(s,t/) + Tn—l(sat/))lt’zteryu

n—22k—2

AP
+ /dazx (1—x)? 5 S (Sk(s,t") + Tk(s,t")) x
p+2 ) dt'’P
k= 1 p= O
Ll (S k() + Tt (5,8 s (Es2(1— )
n—1—k(S, n—1—k\S, /=—sx —

S1 = T2 T D dt'P 1-k 1—F t SL L
summation  X;(s.t,z2) = Si(s,t,2) — Sa(s, t)22 + Si(s, t)z, Ta(s,t,2) = T1(s,t,2) + Si(s,t)z
Diff egn

d / /
EZ(S t, 2 :———|—23 / da:/ dy y(1 —z) (X(s,t',2) + 2(t', 8, 2)) |t =tatyu

—34/0 dr z°(1 —x)QZ (p—|—2) (dt’P (B(s,t',2) + 2(t,8,2) |r=—sz)® (tsz(1l —2))P.

p—O




All loop Solution (leading divs

D=6 N=2

PT (15 terms)
z
200
150 [— Numerical solution
The ladder sequence
reduced ladder
100
—— PT series: 15 terms
100 50
—— Pade approximation[7,7]
46
50

PT and Pade versus
ladder for t=s

Ladder Lddder 2

Ladder

Lad+Lad?2

Numerical solution of the full equation is close to the ladder approx



All loop Solution (leading divs)

D=8 N=1

Ladder 4
2 . -
2 Numerics P ‘\
—> | W,
— Numerical solution 0 g
— Numerical solution 1
1 The ladder sequence
— PT series: 15 terms
— Pade approximation [7,3
2 4 %B, 10 12
1 / \
/ Pade
-2

PT and Pade versus
ladder for t=s

Yr(s,z) =—

LT
4tan(zs%/(8v/15))

5/3

1 — tan(2zs2/(8v15))/5/3




Subleading divergences

ZL(Z)—I—EZNL(Z)—FEQZNNL(Z)—I-'“ 3(2)
D=4 N=4 z=g°¢
D=6 N=2 z=g°s/e,z=g°t/e
D=8 N=1 z=g°s"/¢e,z=g*st/e,..
D=10 N=1 z=g°"/¢,z=g"st/e,..
D=8 N=1
sLadder case YN = s2sp(2) +t2:5(2) z =




Subleading divergences

EL(Z)—I—EENL(Z)—I—GQENNL(Z)—F'“ E(Z)ZZZnFn

D=4 N=4 z=g°¢

D=6 N=2 z=g°s/e,z=g°t/e
D=8 N=1 z=g°s"/¢,z=g°st/e,..
D=10 N=1 z=g°"/¢,z=g"st/e,..

D=8 N=1

sLadder case YN = sXsp(2) +tXi(2) z =

Yig(z) = % [62/60(2 cos(z/30) — sin(z/30)) — 2]

— L [60+ 2+ ¥/59(=(60 -+ ) cos(/30) — 2(~15 + ) sin(/30))]




Sum of Ladder diagrams (subleading divs)

p - " d2§]’8 2z ¥’ 5(z
Mg =) "Bl dg( )+f1(Z) il )+f2(Z)2;B(Z) = f3(2)
— 2 dz
Diff eqn 1 Y4
e =5+ 15
1 X4 X% 1dYy
&) =5 "360 T 00 T 15 dz
2321 11 A7 1 23 1
= YA —— Yy 2 — I Y 2+ ——2%
fs(2) 51512 A T 180078 T 55T A T ima tATB T grsg @A T 1900 CATB

_19 dX A 1 dZ;B N 23 dZ?4 N 1 d(ZAZ;B) 3
3060 dz 15 dz 225 dz 30 dz 32




Sum of Ladder diagrams (subleading divs)

o

/ n o/ dQZ/S Z dZ’S Z
Mg =) "Bl dg( )+f1(Z) il )+f2(Z)2;B(Z) = f3(z)
— 2 dz

Diff eqn Y
fl(Z):_é—l_]__E),
1 X4 X% 1dYy
&) =5 "360 T 00 T 15 dz

2321 11 A7 1 23 1
= Y+ —Y - %4 — — Y Y+ —35 + ——F4Y
fs(2) 51512 A T 180078 T 55T A T ima tATB T grsg @A T 1900 CATB
1 19d%4 1 dSig N 23 d¥? N 1 d(S4%5) 3
36 dz 15 dz 225 dz 30 dz 32

Solution to Diff eqn _
smooth monotonic function

z ) T 4«
'5(2) = djleu(z) u(z) :/0 dy/o dadef(i:))/da:




Sum of the Ladder diagrams

solutions



Sum of the Ladder diagrams

solutions

Leading divs

Infinite number of poles



Sum of the Ladder diagrams

Leading divs

100

50/

~50"

-100/

~150/

Infinite number of poles

solutions

ZsB

Subleading divs

Series: 20 terms ]

Numericalsolution

mA



Sum of the Ladder diagrams

solutions
Leading divs B Subleading divs
200+
5, ﬁ
100:— | 28 B
I 150
50/ ’
100; ----- Series: 20 terms
z | Numericalsolution
~50" 50
: [ ----- Series: 20 terms ] ]
-100 /
Exact solution ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ Y/
5  ——o A
~150]
I Zsg
600
400 — subleading Z¢g[Z]
v . — leading A[Z]
Infinite number of poles 200
) 4(\_/(0/? 100 126
-200
-400
-600

Infinite number of poles at the same position



Scheme dependence and
arbitrariness of subtraction

subleading case
dy’y
dz

1
Al + By = a(1+016) AY g =c12 —> 2z — z(1+cqe).

sub-subleading case

5,
dz

s 3 /
AL + B = 21413 (1 ~ 15 + 2c1€ + 02€2> AX. .~ = caz

—> 2= 2(1 4 cre) + 2P’

9 <

/ 2\
AY = —cig; <dzA _ 10 zA) — 2z z2(14cre) + 2% (ca + 5 /4))é?

dz dz?



Scheme dependence and
arbitrariness of subtraction

subleading case

/ / 1 dy’
A+ B, = a(1 @) AY o :@z dzA' —> z — z(1 —I—@e).

sub-subleading case

/
/ ;S 5 2 I deA
At B2 = e (1 - et 2acHe) > Afio ="~

—> 2= 2(1 4 cre) + 23,

, 5 42y ) )
AY = @4' < dzA —12 dz2A> — 2= 2(1+ cr€) + 2% (co —|—@4!)6



Scheme dependence and
arbitrariness of subtraction

sub-subleading case inear term
A+ By=—(1- il + 2c1€ + co€” ibution f
2+ By = s o€ T 216+ coe new contribution from
subleading term
, 719¢1 s? , 715>
_ — <_> —_ _ —
Ao (3 = 100p) = ~{5565006 25p(3 — loop) = — o o
1 — Yot 1 / 71982
A + 1 JOL =D (-2 '. y) truncig | — —
----- /D' L B 6 = loop) = = 55105062
the source of dy; Hune

AY' ~(3 —loop) = c12

(3 — loop)

a problem dz

2= 2(1+ cre) + 2%(co — 2 /4N e* + 2°¢3 /6le® — 2%¢] /4161 + ...



Scheme dependence and
arbitrariness of subtraction

sub-subleading case inear term
/ /I S 3 2 : .
Ay + By = A1le2 (1 ~ 1T @ + cae€ > new Contr|but|on from
subleading term
, 719¢1 s? , 715>
_ — <_> —_ _ —
AY (3 — loop) 036300c Y53 —loop) S IR600<2
1 — Yot 1 / 71982
A + 1 JOL =D (-2 '. y) truncig | — —
----- /D' L B 6 = loop) = = 55105062
the source of dy; Hune

AY' ~(3 —loop) = c12

(3 — loop)

a problem dz

2= 2(1+ cre) + 2%(co — 2 /4N e* + 2°¢3 /6le® — 2%¢] /4161 + ...



Kinematically dependent renormalization

* R-operation is equivalent to

renormalizable theories nonrenormalizable theories

Ay =74 (QZ)AZWe \ggm —>g%Z4

_ €

ggare — M Z4(92)92°
Z=1-% KRG,

simple multiplication operator multiplication
i 11 ? 2412 8?4 st At
Z=1+L 1" +)+.. Z=1+LstqgtseS T L TS
€ € € € € €
scheme dependence scheme dependence

G =z9% z=1+q"%c1+¢*cy+ .. g* = 2¢%, 2=1+ ¢*stci + g*st(s® + %) + .
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Kinematically dependent renormalization

operator kinematically dependent renormalization

at 2 loops

A, =1
4 3le 314! €2 €

_ gist  gpst (32 + t? N 27/4s% 4+ 1/3st + 27/4752) N

Ay = Z4(g) AL

‘ggare_>92z4

25t dst s + 2 5/12s% + 1/3st + 5/12t2
Zi=14 90,9 (— 15/ [3st+5/ )
3le 314! 2

€ €

g2

2 2
— 1 =

9% t — g° <s D + ot v > this is operator action!
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Conclusions

¢ The UV divergences for the on-shell scattering amplitudes DO NOT
CANCEL in any given order of PT

¢ The recurrence relations allow one to calculate the leading UV
divergences in ALL orders of PT algebraically starting from 1 loop

¢ The recurrence relations allow one to calculate the sub leading UV
divergences in ALL orders of PT algebraically starting from 1 and 2 loops

¢ This procedure apparently continues the same way for all divergences
just like in renormalizable theories
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Conclusions cont’d

¢ The sum of the leading UV divergences to ALL orders obeys the nonlinear
integro-differential equation

¢ The numerical solution indicates that solution to the full equation seems to
behave like the ladder approximation

¢ There is no simple limit when e — +0

¢ This means that one cannot simply remove the UV divergence and non-
renormalizability of a theory is not improved when summing the infinite

series
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Conclusions cont’d

¢ The structure of UV divergences in nhon-renormalizable theories essentially
copies that of renormalizable ones

¢ The main difference iIs that the renormalization constant depends on
kinematics and acts like an operator rather than simple multiplication

¢ As a result, one can construct the higher derivative theory that gives the
finite scattering amplitudes with a single arbitrary coupling g defined in PT
within the given renormalization scheme.

¢ Transition to another scheme is performed by the action on the amplitude
of a finite renormalization operator z that depends on kinematics.
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