QUANTUM SPECTRAL CURVE AND
CORRELATORS IN N=4 SYM

Fedor Levkovich-Maslyuk

Ecole Normale Superieure Paris
and lITP Moscow

based on 1802.04237
with Andrea Cavaglia and Nikolay Gromov




N=4 SUPER YANG-MILLS

1 1 1 :
Highly nontrivial CFT in 4d S=—— [dzu {2 Fp, + (Du®:)” = S[®:, @)% + fermlons}
9y m

At large IN. exact solution may be possible due to integrability
Ne— 00, A= g%M N¢ is fixed = ‘t Hooft coupling

Some motivation:

* Solvable gauge theory in 4d

* Directly related to QCD in some limits (BFKL)  Baitsky. Fadin.

Kuraev, Lipatov

* Understanding AdS/CFT duality



MOTIVATION

CFT ——> study correlators O(z) = Tr (P1DPoP3...) (x)

(O(@)O)) = ===

<01 (331)02(3’)2)03(333)> — 1 —z2| D1 TB2—B3 $1_$3%33A3—A2 To—13]|22 78341

A;(N) and Cijk()\) are key observables

/ N\

spectrum structure constants



MOTIVATION

Quantum Spectral Curve (QSC) — very powerful method to compute the spectrum in planar N=4 SYM

Gromov, Kazakov,

Based on integrability et e

10+ loops at weak coupling, Marboe, Volin 14-17
numerics with 60-digit precision LGS, EMEMIET, [P A1l
gnp ! Gromov, FLM, Sizov 14, 15

BFKL, ...

Also nonlocal operators, Gromov, FLM 15, 16

g-q potential

Is there an analog for 3-pt correlators ¢
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QUANTUM SPECTRAL CURVE (QSC) | et



INSPIRING EXAMPLE

Harmonic oscillator:

(@) + V(@)(@) = B(x)

N
4 M .2

U(e) = e Q@) Q@ =]J@-2) vp=aNlerH

hi(z) ¢i(z)
Ua(x)  Ph(

is a constant

W =

S



XXX SPIN CHAINS

Starting point. Baxter equation

T(uw)Qw) + (u+i/2)"Q(u — i) + (v —i/2)*Q(u +1) =0

Two solutions: polynomials Q1 ~ ulN @1 = H(U — Uu;)
second solution (for the same T) Qo ~ uL=N
ALl I AATAAA ALl I [AALAAA
BRARARBRARE RARARBRARE
P3 P2 P1 P4 q3 q2 1 da 45 ds

L-spins, N-spins up, L-N down
Equivalent description:

Ql(u—l—%) Q2 (u—l—%)
Qi(u—13) Q2(u—3)

Easy to generalize to SU(3):

Q1(u+1) Qo (u+1) (u + )
@1 (u) Q2 (u) (u) | =ur
Qu(u—1) Qa(u=i) Qs(u—1)

L




GENERALIZATION TO N=4 SYM

Two main ingredients: Q1 (u+ %) Q2 (u+ 3
QQ-relations Q1 (u _ %) Q- ('u, _

su(2) — psu(2,2|4)
(Q17 QQ) % (Pla PQ) P3a P4‘Q17 Q27 Q?n Q4)

5 AdS=
Analyticity S N
Q1 - polynomial
Q2 - polynomial

In N=4 SYM polynomials are replaced by analytic functions with cuts and monodromy condition
QQ-relations + monodromy = Quantum Spectral Curve Gromov, Kazakov, Leurent, Volin 2013



BAXTER EQUATION

q[+41 Dy — Q[_+:3]
_ Q™

Pli+2] p2+2] p3[+2] p4[+2]

1 2 3
Dy = det P P P

FD]- . PL+2]PE[+41£][]-

Pl[—i] PE[—E] PR[—:E] P4[—2]
Pl[—4] PE[——il PR[—-—I] P-l[—-l]

D, + PApal-4p, ]

p* Dy = det

+Q; | Do — PP D, + PEP“[Han]

=+ QE_'ﬂfJn = ()

P1[+4] P2[+-il PR[+-—1] P~1[+~1]
Pl
Pl[—E] PE[—E] PR[—:E] P4[—2]
Pl[—-l] PZ[——il P."i[—-—l] P-l[—-l]

PE P"! P-l

Solve this equations => spectrum of anomalous dimensions of all local (and not only) operators



Sklyanin 92

The Q-functions should correspond to wavefunction
in separated variables

Ol 02
U~ Q(21)Q(x2) ... Qzn)
The 3pt correlators should be some scalar product of 3 Q-functions
Indeed we will see this explicitly! | O3

Instead of local operators we look at Wilson lines,
can compute an all-orders 3pt correlator



T0 COMPUTE |

SET-UP: WHAT WE ARE GOING



CUSPED WILSON LINE IN N=4 SYM

Similar to a 2pt function Drukker,Forini 11
Drukker 12

Correa,Maldacena,Sever 12

W)~ (#2)”

W =Tr Pexp [ dt [zAx+5ﬁ|m|

Parameters:
= Cusp angle (b Described by the
L. same QSC!
= Angle 6 between the couplings to scalars on two rays 7 - 7ig = cos 0 E———

=  ‘t Hooft coupling \



7-loop result. The term of order §* in

:{"‘; is given by
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Gromov, FLM 2016



Double scaling limit: 6§ — 100, g — 0,

. 0

g = g COS 5 — fixed (for some fixed phi)

Ericksson,Semenoff,Zarembo

Selects only ladder diagrams Similar to SYK model
_ 1 .
0 . 1T = o2 0
E = -+
gt [16L — 8] +

| 64 872
% [128L° + L (b4+7’.£() 112’—%
: 2048L3 1024 64072
G /% + 2048L°% + LT/%; + 7Z —768 — ‘; ) L
32 1604 1216——
+T%gg/?£ +T%y/z G, " 1280]+

= log \/8e7mg?




G(A, S, T) =

W =Tr Pexp [ dt [ZACE+(I),7TL’|$|}

Gauge fields drop out,
only scalars remain

n-ng = cosf — oo

propagator

/

_ op2 LES)([#(T)
Is0r G = 20" rrsy—=tme @

Bethe-Salpeter equation



2 |2(9)||2(T r=85-T, y= 5T c
0501 G = 20 ity G S

@ G = E cnF, (m)e—\/—Eny b . i i Contiuum . i )
n - J < < 3 = 3 J
-1
Lea_ocy — 0 g 2
4 * cosh z + cos ¢
-3
-4
We get Schrodinger equation .
2§ 1 6
d7 — Fp(z) = =EpFp(z
[x cosh x + cos ¢ n(2) 4" (%)
Scaling dimension <—> Ground state energy

Ao=—v"E

A
2F2(0 200
So the 2-pt function is o ( ) ¢
Ao L12

We see the correct conformal spacetime dependence

Ericksson, Semenoff, Zarembo 2000
Cavaglia, Gromov, FLM 2018



Next: 3-point correlator

Eﬂq—i—ﬂng

wr--c,r. _
123 7 Aj+Ar A Ay
I Ly

A A
Ay (L123)™" (L231)™ (cn|ﬂ11¢1) (Cﬂlagm) 123
12

DNo—
Lag
Where

3_“&1__12_7" Qfﬂ Ao

! O Faye (=021 + 5 —t) Fa, g, (=072 — Tia(s)) ™ 2
ds dt - :
. cosh(s —t — dry) + cos ¢y

NS = 252 [

Where
JTha(s) _ (1—¢°)
i 1 — Escuscﬁvg—t‘ﬂs{{ﬁ'i-l—fﬁi} ’
cos g —cos( @ —da )
Where
\/sin%[r.ﬁl—i—ﬁz—@a} Siﬂ%(ﬁbl—fﬁz‘Fff’ﬂ}
Lizs = sin gy
Where
H . lif S — log S (3(01 — 2+ ¢))
a4 ow to simplity LT P s (L6 + 02— 03))
We keep two couplings g1, g2
e =0 this mess ¢¢¢ Where
while g3 2F,,(0)
Cn = — £

G = cosek



LET'S USE INTEGRABILITY |



Ladder limit: only scalar fields survive, half of QSC disappears

Q£+4]Dﬂ . QE_-I—E] F_Er']_ o PL—FE]PEI-F—'HDH- + Qt' DE . PEPHI+E]D1 i PEPE[+4I.D(}:|

— Q¥ (b, + PP + QD =0

P-functions become trivial and the general Baxter equation reduces to

(—Euﬂ cos ¢ + 2Ausin g + 4&2) g(u) + ulq(u—i) + u’q(u+1i) =0

q1 ~ Mie®"u®, qq ~ Mye " u™2, u— oc

Quantization condition (comes from analyticity of QSC): A — 28" 21(0)q(0) +@i(0)g(0)
sin ¢ q1(0)q1(0)

gi(u) = Qi(u)/Vu



Direct relation with the wave functions by Mellin transform

cHi00

1) wo)u gy,
i

F(z) = —ie 2%/? /

J c—ioo

Baxter equivalent to Schrodinger

Now we plug this into the result we got from diagrams

c = (). where

sttt 51__].._T ';_f-":' As

NT35 = 247 /‘“ ds /ﬂ dt Fayo (071 +5— 1) Fﬁz-frz(_‘iﬂ?ﬂ - Tm(ﬁ}] e 2

cosh(s —t — dxy) + cos ¢y

The structure constant simplifies drastically!
This is our main result

q-function
for zero coupling

)y e

e .;bqu du

2miu

C35 = (K123)2! (K213)22

d du
\/f|fi'1fi'1ﬁ \/Jﬂq@qﬂﬁ

Get scalar product of 3 g-functions — precisely the kind of result expected from separation of variables

Eiw¢{z]

cosh

Cavaglia, Gromov, FLM 2018

E—id
2

cosh %




At 1 loop we reproduce the result of a direct calculation

(C**°) =1+ 4iFio3+ 3F3+ ...
Fio3 = —— [2'32 (Liz(ﬁ_gml) — Lig(eT'o1—o27103) 4 Lig(f?im1_1m9+'3¢3)) _
sin g1 3

1 — elP1—ip2+ig3 sin "f’l

. . 1 — e~ iP1—iga+igs sin 4 01 + 02 — @3
+2 (1 — @2 + ¢3) log ( ) — 4¢1 log ( 2 (914 )



In the limit of straight lines we get

1
—gauy _
(6]16]26 } F(—Al — AQ -+ 1)

VT =2A0)T(1 —2Ay)
$i=0 I'(1—A; —Ay)

'Y Yo
Cra3

Matches direct all-loop calculation of [Kim, Kiryu, Komatsu, Nishimura 2017] |

() = (2sin

L

du

2miu



Would be interesting to compare with other approaches for 3pt functions
(e.g. “hexagons”)

[Basso, Komatsu, Vieira 15] [Fleury, Komatsu 16]

Very recently: expect integrability beyond large Nc as well |

[Caetano, Bargheer, Fleury, Komatsu, Vieira 17]



Rewriting the Baxter equation in operator form:

1 A
[{4{;}*2 — 2u” cos ¢ + 2Ausin @) + u(u— .i]IE-'_l + ulu + i]D] — Og(u) =0.
1w

- 1
0=-

i

We find that the operator is “self-adjoint”:

flm(u)(jqz (u)du = /|q2(u)(jq1 (u)du

Immediate consequences:

- Two solutions with different A are orthogonal: 0 = /q1 (u]((jl — (jg)qg(-u)d?L = (A1 — Ay)2sin (;-")/ql(u)qz(u) du
J | | U

C19A (D)
109>  (¢?)

- Closed equation for the derivative of A w.r.t. the coupling:

Can be considered as a correlator of two cusps with Lagrangian,
has very similar form to the 3-cusp correlator!

fc+mf(u) du 50

C—ioo 2miu

sy = (2ain )



EXCITED STATES |



local operators (scalars)
inserted at the cusps

excited states <«——>

Cavaglia, Gromov, FLM 2018

At weak coupling we found:

4 sin Lo
A =L+ """+ ...,
Lx L sinqbg +

At strong coupling we found:

A 2n+1 M2 +2n+1)cosd —2n? —2n —3
O +! )64¢'
239(3(%) g

2 a2
+(2n+1)sin2(§) (n®+n+1)cosp—n n+11+0(9_3)

51242

Matches perturbation theory
[Briser, Caron-Huot, Henn 2018] at two loops

Continuum

(=}



The 3-cusp correlator is given by just the same formulal

-
3 01.5’;;”1’0 — (_1)m(Q1,nq2’me—¢3U)

\/(_1)n—|—m (qin)(q%’m)
2

\ ..-"'
— ———
l ;

1L



Cavaglia, Gromov, FLM 2018

X1= y?,;/' A 2') b, ¢4"'-A4 X2=Ys

00 o—2A An
G(AL Ay Mg Ay) = S Conoocenee
(A1, A2, A3, Ay) ; otz Cods | 77—

\/sin Lo+ dp — ¢c) sin 2 (da — oy + ¢c)

We can identify structure constants in the 4pt function Lope =
sin @,

Crossing equation¢ Conformal bootstrap?
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INTEGRABLE FISHNET THEQRY |



We worked in the ladders limit for the Wilson line

A very similar limit can be realized at the level of local operators

Gamma-deformed N=4 SYM:
1 . . o
Lint = Neg? tr (Z{qu:a gbz}{qb}, ¢’} —2¢}¢Z¢7) + gauge fields + fermions

Y1, Y2, 73 are 3 deformation parameters

Double scaling limit: strong twist, weak coupling

g — 0, e~ 1i/2 5 o0, £, = ge /2 _fixed, (j =1,2,3.)

Just like the ladders limit Result known as fishnet theory

Gauge fields decouple, remain only scalars + fermions  Gurdogan, Kazakov 15

Lint = Netr[€? pLobdodz+£3 bl dap1+E3 ¢l phbrpo+

+i\/E083(3p 24Dl Do) +in /€163 (P 23 Py dhibs) 4y /€1 €0 (2 @3 - Topldr) ].

Remains conformal
and integrable

Beisert, Roiban 05
Gromov, FLM 10
Arutyunov, de Leeuw, Tongeren 13

Kazakov, Leurent, Volin 15

No susy but
still solvable !

(at large N)



Simplest case: theory with two N x N scalar fields Observables given by “fishnet” graphs

\ 4

N U S
Lo, 2] = S tr (961 0udr + Mobduds + 262 ¢l obor ) -

» - —
»

Baby version of N=4 SYM  Gurdogan, Kazakov 15

» - —
»

Zamolodchikov 81

Yang-Baxter equation at the level of diagrams Possible due to star-triangle relation

with m=0 propagators

. V(a,b,c)
/ |$1o|2“|$20l2b|$30|2‘3 712 P—2¢|zp3|P—20|33, | P20

at+bt+c=D, v =z;— 4

D D D
a.b.c _ﬂ_D/Qr(jfa)r(j*b)r(j*C)
Viabe) = F@ (@1 (o)

Analogs are known in 3d and 6d
Can use integrability to compute individual Feynman graphs

Unique possibility to see origins of integrability in gauge theory



QSC is inherited from N=4 SYM

Previously developed methods [Gromoy, FLM, Sizov 15] are very efficient for spectrum

Ag — 3= —12¢E% + (189¢7 — 144¢37) €12
1987%(s N 612795

5 TR 2707% 7 + 599472y —
)

925911
+£18 (—1944@2_1 — 3024¢5° — 3024C5 (5% + 6804¢7Cs + %)

10368
i}

+¢* (—93312@(&2,1 + T Cs.2,1 + 518477 Co 3,1 + 518407 G100, — 148716¢11,3,1 — 1061910C12,21

, 576
+62208C10.2.1,1,1 — TT760¢* — 145152¢5¢3° — 7#233 — 86474 (5G3% — 2592777 (3? + 244944C7 (57

, 9504 ; 20376 .
+186588Ca(s% + ?w%? — 259272535 + 2 70CsCs + 208404C5CCs + 1296072 (7 (s + 28771272 Cols
]
20103947124 5 o 13953710¢C,  729378¢;  1995975¢,
— 55554 s TR S L BTRTRCEY — 71442 -
H355466C11Cs + 5 omene = +BT6T2C A T/ T S T 5

4 . 2 ) ; .
+1199737? G, 10758421377 Gz 46072?;[1)013@5) Lo(em) (L.7)

For operator tr(¢1¢1) get all-loop result

Grabner, Gromov, Kazakov, Korchemsky 17

1 T(—A + 4)T'2(A/2)
T (—AZ 1 4A —2)T2(A/2 + AL(A 1)

(A —4)(A —2)2A =166 Cia3 =

VI(1—2A1)T(1 - 2A,)
. Ll Ll Ll I —
Very similar to Wilson lines correlators!  C725]4, ¢ T(1— A — Ay)

Hope to see similar structure,
i.e. scalar product of Q-functions [in progress]

Gromov, Kazakov,
Korchemsky, Negro, Sizov 17

......

Extension to theory with
scalars + fermions is underway

Kazakov, FLM, Olivucci, Preti
in progress

Dual string model - 222



CONCLUSIONS

All-loop C,,5 strikingly simplifies in terms of Q-functions

A lot to do: beyond ladders, more insertions, fishnet theory, ...

Related structures seen in localization [Giombi, Komatsu 18]

Surprising simplifications for SU(N) spin chains give extra hope [Gromov, FLM, Sizov 16,18]

Algebraic / rep theory interpretation of/q1qQQ3 ¢

Can we bootstrap the full 3-pt structure constant ¢






