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N=4 SUPER YANG-MILLS 

Highly nontrivial CFT in 4d 

• Solvable gauge theory in 4d 

• Directly related to QCD in some limits (BFKL) 

• Understanding AdS/CFT duality 

 

At large       exact solution may be possible due to integrability 

Some motivation: 

is fixed – „t Hooft coupling , 

Balitsky, Fadin, 

Kuraev, Lipatov 



MOTIVATION 

CFT study correlators 

are key observables and 

spectrum structure constants 



MOTIVATION 

Quantum Spectral Curve (QSC) – very powerful method to compute the spectrum in planar N=4 SYM 

Based on integrability 

10+ loops at weak coupling, 

numerics with 60-digit precision, 

BFKL, … 

Is there an analog for 3-pt correlators ? 

Gromov, Kazakov, 

Leurent, Volin 2013 

Gromov, FLM, Sizov 15 

Also nonlocal operators, 

q-q potential 
Gromov, FLM 15, 16 

Marboe, Volin 14-17 

Alfimov, Gromov, Kazakov 14,18 

Gromov, FLM, Sizov 14, 15 

… 



QUANTUM SPECTRAL CURVE (QSC) See 1708.03648 [Gromov] 

for an introduction 



INSPIRING EXAMPLE 

is a constant 

Harmonic oscillator: 



Equivalent description: 

 

Two solutions: polynomials 

 
second solution (for the same T) 

 

Easy to generalize to SU(3): 

 

Starting point: Baxter equation 

XXX SPIN CHAINS 

L-spins, N-spins up, L-N down 



Two main ingredients: 

• QQ-relations 

 

 

 

 

 

 

 

 

 

 

 

 

- polynomial 

- polynomial 

In N=4 SYM polynomials are replaced by analytic functions with cuts and monodromy condition 

QQ-relations + monodromy = Quantum Spectral Curve 

• Analyticity 

GENERALIZATION TO N=4 SYM 

Gromov, Kazakov, Leurent, Volin 2013 



BAXTER EQUATION 

Solve this equations => spectrum of anomalous dimensions of all local (and not only) operators 



The Q-functions should correspond to wavefunction 

in separated variables 

The 3pt correlators should be some scalar product of 3 Q-functions 

Indeed we will see this explicitly! 

Sklyanin 92 

Instead of local operators we look at Wilson lines, 

can compute an all-orders 3pt correlator  



SET-UP: WHAT WE ARE GOING 
TO COMPUTE 



CUSPED WILSON LINE IN N=4 SYM 

  

  

  

  

  

  

 Cusp angle 

 Angle     between the couplings to scalars on two rays 

 „t Hooft coupling  

Parameters: 

Gromov, FLM 15 

Drukker,Forini 11 

Drukker 12 

Correa,Maldacena,Sever 12 

Described by the 

same QSC ! 

Similar to a 2pt function 



Gromov, FLM 2016 



Double scaling limit: 

Selects only ladder diagrams 

… 

Ericksson,Semenoff,Zarembo 

(for some fixed phi) 

Similar to SYK model 



propagator 

Bethe-Salpeter equation 

Gauge fields drop out, 

only scalars remain 



So the 2-pt function is 

Ericksson, Semenoff, Zarembo 2000 

Cavaglia, Gromov, FLM 2018 

We see the correct conformal spacetime dependence 

We get Schrodinger equation 

Scaling dimension Ground state energy 



Next: 3-point correlator 

Where 

Where 

Where 

Where 

Where 

How to simplify 

this mess ??? 
We keep two couplings 

while 



LET’S USE INTEGRABILITY 



Ladder limit: only scalar fields survive, half of QSC disappears 

P-functions become trivial and the general Baxter equation reduces to 

Quantization condition (comes from analyticity of QSC): 



Direct relation with the wave functions by Mellin transform 

where 

Baxter equivalent to Schrodinger 

The structure constant simplifies drastically! 

This is our main result 

Now we plug this into the result we got from diagrams 

Cavaglia, Gromov, FLM 2018 

Get scalar product of 3 q-functions – precisely the kind of result expected from separation of variables 

q-function 

for zero coupling 



At 1 loop we reproduce the result of a direct calculation 



In the limit of straight lines we get 

Matches direct all-loop calculation of [Kim, Kiryu, Komatsu, Nishimura 2017] ! 



Would be interesting to compare with other approaches for 3pt functions 

(e.g. “hexagons”) 

Very recently: expect integrability beyond large Nc as well ! 

[Basso, Komatsu, Vieira 15]   [Fleury, Komatsu 16] 

[Caetano, Bargheer, Fleury, Komatsu, Vieira 17] 



Rewriting the Baxter equation in operator form: 

We find that the operator is “self-adjoint”: 

Immediate consequences: 

 

- Two solutions with different  Δ are orthogonal: 

 

 

- Closed equation for the derivative of Δ w.r.t. the coupling: 

 

 

Can be considered as a correlator of two cusps with Lagrangian, 

has very similar form to the 3-cusp correlator!  



EXCITED STATES 



At weak coupling we found: 

At strong coupling we found: 

Matches perturbation theory 

[Brüser, Caron-Huot, Henn 2018] at two loops 

Cavaglia, Gromov, FLM 2018 

excited states 
local operators (scalars) 

inserted at the cusps 



The 3-cusp correlator is given by just the same formula! 



Cavaglia, Gromov, FLM 2018 

We can identify structure constants in the 4pt function 

Crossing equation? Conformal bootstrap? 



INTEGRABLE FISHNET THEORY 



We worked in the ladders limit for the Wilson line 

A very similar limit can be realized at the level of local operators 

   Gamma-deformed N=4 SYM: 

Double scaling limit: strong twist, weak coupling 

Remains conformal 

and integrable 

Gauge fields decouple, remain only scalars + fermions 
No susy but 

still solvable ! 

Just like the ladders limit 

Gurdogan, Kazakov 15 

Beisert, Roiban 05 

Gromov, FLM 10 

Arutyunov, de Leeuw, Tongeren 13 

Kazakov, Leurent, Volin 15 

are 3 deformation parameters 

+ gauge fields + fermions 

(at large N) 

Result known as fishnet theory 



Simplest case: theory with two N x N scalar fields 

Unique possibility to see origins of integrability in gauge theory 

Can use integrability to compute individual Feynman graphs 

Observables given by “fishnet” graphs 

Yang-Baxter equation at the level of diagrams  Possible due to star-triangle relation 

with m=0 propagators 

Analogs are known in 3d and 6d 

= 

Baby version of N=4 SYM Gurdogan, Kazakov 15 

Zamolodchikov 81 



QSC is inherited from N=4 SYM 

For operator                get all-loop result 

Very similar to Wilson lines correlators! 

Extension to theory with 

scalars + fermions is underway 

Dual string model - ??? 

Previously developed methods [Gromov, FLM, Sizov 15] are very efficient for spectrum 
Gromov, Kazakov, 

Korchemsky, Negro, Sizov 17 

Grabner, Gromov, Kazakov, Korchemsky 17 

Kazakov, FLM, Olivucci, Preti 

in progress 

Hope to see similar structure, 

i.e. scalar product of Q-functions [in progress] 



CONCLUSIONS 

• All-loop C123  strikingly simplifies in terms of Q-functions 

 

• A lot to do: beyond ladders, more insertions, fishnet theory, … 

 

• Related structures seen in localization [Giombi, Komatsu 18] 

 

• Surprising simplifications for SU(N) spin chains give extra hope [Gromov, FLM, Sizov 16,18] 

 

• Algebraic / rep theory interpretation of                 ?   

 

• Can we bootstrap the full 3-pt structure constant ?  




