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Introduction

The proposed by Symanzik approach for modeling of interaction of
a macroscopic material body with quantum fields is considered. Its
application in quantum electrodynamics enables one to establish
the most general form of the action functional describing the
interaction of 2-dimensional material surface with photon and
fermion fields. The models making it possible to calculate the
Casimir energy and Casimir-Polder potential for non-ideal
conducting material are presented. Applications of the models to
descriptions of of interaction of the spinor field with a material
plane are considered.
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Formulation of model

The proposed by Symanzik action functional describing the
interaction of the quantum field with material body has the form:

S5(¢) = Sv(p) + Sder ()

where
5v(<P):/L( (x))dPx, Saer(e /Ldef (x))d

and I is a subspace of dimension D’ < D in D-dimensional space.
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Formulation of model

From the basic principles of QED ( gauge invariance, locality,
renormalizability ) it follows that for thin film without charges and
currents, which shape is defined by equation ®(x) =0,

x = (xo, X1, X2, x3), the action describing its interaction with
photon field A, (x) and Dirac Fields t(x),v(x) reads

Saer(9) = So(A) + So (1, ).

The action S¢(A) is a surface Chern-Simon action
a
So(A) = 5 [ PONO()AL(X)Fup(X)0(0(x)) e

where F,,(x) = 8,A, — 0,A,, e denotes totally antisymmetric
tensor (%123 = 1), a is a constant dimensionless parameter.
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Formulation of model

The fermion defect action can be written as
So(i.1) = [ N+ 474V, )+ 0,0 ] (x)3((x) o
Here, v,, p=0,1,2,3, are the Dirac matrices, 5 = i70717373,

O = (VY — Ywyw)/2, and A, 7, vy, Wt = —w'H,
w,v=0,1,2 3 are 16 dimensionless parameters.
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Formulation of model

It is the most general form of gauge invariant action concentrated
on the defect surface being invariant in respect to
reparametrization of one and not having any parameters with
negative dimensions.
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Formulation of model

The full action of the model, which satisfies the requirement of
locality, gauge invariance and renormalizability, has the form

S, ¥, A) = —%FWF’“’ +(id — m+ eA)yp
+5def(A) + Sdef(z/_% ¢)

Due to the requirements of renormalizability the fields interaction
is described by standard contribution ey Ay to the QED action.
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Casimir energy for two parallel planes

P'm(k) {A _ eiE||X3—y3|} _Lm(kB
2lk] L C 2C| k|2

D3p(K, x3,y3) =

with D5, = D37 = 0, D33(k, 3, y3) = —id(xs — y3)/|k[?,
C =14 aa(e?Mr —1))2 + (a1 + a)?,
A= (arar — 22a2(1 — e2IKIny)(eilkl(bllys =)y ilKICbxs—rl+1ys])) oilKIr

+(a§ _|_ a%a%(]_ — e2i|k\r))eilk\(|X3—r|+|y3—r|)’

—ay(1+ ap(a + aye2KI) el Kbl Hlysl) _
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Casimir energy for two parallel planes

The energy density Eyp of defect is defined as
1
In G(0) = 5 Trin(DapD™Y) = —iTSEzp
where T = [ dxp is time of existence of defect, and S = [ dxjdxa,

is area of one. It is expressed in an explicit form in terms of
polylogarithm function Lis(x) in the following way:

dk
j=1,2,

2
1
B =Y Bt Eow =5 [ M1+ 3) 505 )

Jj=1

1 2 diar
Ecos = ———5= > Li
Cas 1672r3 kzzl ' (3132 +i(=1)k(a; + a2) — 1)
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Casimir energy for two parallel planes

Here E; is an infinite constant, which can be interpreted as
self-energy density on the j-th planes, and Ec,s is an energy
density of theirs interaction. Function Lis(x) is defined as

ee} k 1 0o
Lia(x) =) % = —5/0 k?In(1 — xe™ %) dk.
k=1

For identical defect planes (a; = a, = a) the force Fyp(r, a)
between them is given by

OEcas(r,a) 2
B or ~ 240r4 f(a)-

Fop(r,a) =
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Casimir energy for two parallel planes

Function f(a) determining the Casimir forces between two parallel
planes. It is even (f(a)=f(-a)), has the minimum

f(am) = —0,11723 at a,, = 0,5892, and f(ap) = 0 at

ap = 1,03246.
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Statement of problem for Dirac field

We will consider the material plane x3 = 0 as a defect. In this
case, in the Dirac part of the action

S@.0) = [T(x)(8 = m -+ Qa)(x)ex.

the interaction of the spinor field with the plane is described with
matrix Q(x3) = Qd(x3). Since Q(x3) and d(x3) have the dimension
of mass, the matrix @ is dimensionless. For homogeneous isotropic
material plane in more general case, the matrix Q could be
presented in the form:

Q = nl+inys + sy + mysys +
+r5y0 + re7ysY0 + irryoy3 + irgy1y2

with [ - identity 4x4 matrix, 3, 75 = ivp7y1Y27y3 are Dirac matrices.
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Modified Dirac equations

Movement of spinor particle in the field of defect Q(x3) is
described by a modified Dirac equation

(i — m+ Q(x3))¥(x) = 0.

It is one of the Euler-Lagrange equations, which is obtained by

variational differentiating of the action over 1)(x). Taking the
derivative over 1)(x) we obtain the second equation

(0u(x))7" + P(x)(m — Q(x3)) = 0.

The condition 1(x) = ¥*(x)yo fulfils if 10QT(x) = Q(x)y0. It is
the case for real values of parameters r;, j =1,...,8.
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Modified Dirac equations

Let us introduce the convenient notations. For 2 x 2 -matrix M
with elements Mj;, i,j = 1,2, we define the 4 x 4 -matrices M),
M=) in the following way

My 0 M O 0 0 0 O
) _ 0 0 0 O (-y_| 0 M 0 M
M My 0 Mxn O M 0 0 0 O
0 0 0 O 0 My 0 My
Let M&) is the set of all the matrices M), then for arbitrary
matrices Mfi), Mf),

MEMF =0, MEIME ¢ M.
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Modified Dirac equations

If we denote 79 the unit 2 x 2 - matrix, 75, j = 1,2, 3, the Pauli
matrices, and T(+) Tj(i) the corresponding 4 x 4 -matrices, then

)

the matrix @ can be presented as

Q= Q(+) + Q(—) Z (£) (i)

+ . +
where q(() ) — rljg, q§ ) — /r27, qé )—:F/r;g, qg )::Frjg, and

+_
rij =ri*r.
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Modified Dirac equations

We denote 1(x) the solution of the modified Dirac equation, and
P_(x) = (x) for x3 < 0, 4 (x) = 1(x) for x3 > 0. The spinors
(x)+ for x3 # 0 satisfy the free Dirac equation and boundary
condition

lim Y4(x)=3S 3Iim_0¢,(x),

x3—+0

One can choose the regularization procedure for 4(x3) in such a
way that the matrix S is expressed in terms of @ as

S = exp{—ir*Q}.
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Modified Dirac equations

It follows from QT = Y0 Q@70 that
ST’)/O")/3S _ 7073
where ST is the hermitian conjugated matrix S and

S=5H 450,
S = eixx (%iﬁgi) +icari ) + guri + §3i73(i)) ’
ggi + cfi - <22jE - §32i =1

where x+ and ¢+, j = 0,1,2,3 are real parameters.
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Free Dirac equations

The free Dirac equation in coordinate space reads
(i0 — m)y(x) = 0.
By substitution ¢(x) in the form

1
(2m)*

UX) = g [ € PU(E)B, p= (%P1 )

one obtains

(P — m)y(p) = 0.

For real p3 the considered spinor 1)(x) describes the scattering
state and the imaginary p3 - the bound state.
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Free Dirac equations

The general solution ¢(p) of the Dirac equation can be presented
as an arbitrary linear combination of linear independent spinors

1

0
0 _ 1 —
¢1(l_3) —P3 s ¢2(P) = —p1tip2 , P3 = i\/m
m+po m+po
—P1—1p2 P3
m+po m+po
for pg > 0 and
p1—ip2 P3
m—po m—po
L p3 L p1+ipy
V1(P) = poam ,a(P) = mI”O
1 0

for pg < 0.
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Modified Dirac equations

Substituting p3 — £ ik with k = || = \/m2 + p? + p3 — p3 we
obtain the spinors describing the bound states

Q/Ji(ﬁ) = ¢(p)‘P34>¥in'

They can be presented as follows

Y4(p) = arv14(P) + 32eifﬁ¢1+(l3)7 V_(p) = dip1—(p) + doe'®h1_(p),
W (P) = ayi, (p) + ahe'®yi, (P), ¥ (P) = dibi_(p) + dje™i_(p).
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Modified Dirac equations

Here
1 0
_ 0 _ 1
’l/}l:t(p) = +ik ) wi(P) = f'e—id) )
fel® Fik
—fe~ i Fik
_ +ik _ —fel®
V14(P) = 0 , Yo4(P) = 1 ;
1 0
1, 2 . )
_ K ’p—i-lp :_pl+lp2:fe’¢’f:|f|,
m+|po|” m+ |pol m + | po

The spinors ¢4, 1/, fulfill the relations
¥+(p) = Sv-(p). ¥,(p) = SV (). S =e .

which can be presented as systems of linear equations for
] / / ! ! H H /
coefficients ay, a2, d1, db, &}, a5, dj, d; contained in ¥4, ¢, .
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Properties of bound states

We consider the quantities of the form

b (B, x3)M (P, x3) = e (B)[ () e~
with 4 x 4 basic Dirac matrices [ using convenient notations

Noy = aja1 + ayap, Nip = ajar + ayas,
Noy = aja; — ayax, N3y = i(ajax — a3a1),
No— = dfdl + d;dg, Ni_— = dfdz + d;dl,
No— =dfdy — d5da, N3_ = i(djds — d5dh),

3
5;: {’717’}/27’73}7 g = {01702703}7 OJ = Z Ejk/’yk’}/lv ./ = 17273
k, =1

with totally antisymmetric e/¥/, £123 = 1.
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Properties of bound states

For scalar and pseudoscalar invariant densities

G () (x) = e 21dy (), (x50 (x) = ie 2 s (),

components of electric and axial 4-currents

DO)(x) = e 2L (B), Dx)vysu(x) = e 2L, (),

for anomalous electric and magnetic dipole moments

D ()77 %02 (x) = e 218 (B), Pu(x)Fvs(x) = ie” 2|7 (p),

we obtain the following results
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Properties of bound states

dy = Nos (1 2 k2) + N3 fk, dsi = +2Nos,

2= Now (1+F2 4 K2) F 2Nsfh, 8y = 2Nyuf,

Ji :Ji cos(¢) +Ji sin(¢), Jsi —J5Hi cos(¢) _jSL:I: sin(¢),
2 = jLsin() — ji cos(9), j2. = jbs sin(6) + o cos(¢),
A=0, 2= Ny (1= 2412
= 2(No+f F N3 k), jT = £2N14k,
A= Ny (142 - k2) Ji = Nax (242 = 1) F 2Nou i,
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Properties of bound states

el = efsin(¢p), e = —ef cos(¢), €3 = —2(Ns+f F Nosk),
m}. = ml] cos(¢) — mi sin(¢), m} = mﬂL sin(¢) + m cos(¢),

m3 = Noy (k2 2 1) el =2y,
mi = il (F2 = K2 = 1), mi = (Nax (14 F2 + K2) F 2No fK) .
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Properties of bound states

We see also that

. 101 22 -0 0 -1 1 2 2
Jop° —jipt — j2p? = mdy, O p° —ji pt -2 p? =0,
lﬁjg’i = mds+ =0, méymy = —Kjgidi, LMy = d4dsy,

22 =22 2 2 0_ 0, _ .3
€ —mi =dsy —di, dip —jim= kel

~ (de+9) J5j: Jsi(mJFP )
No+ = — Nyt = oF No+ o ,
de(1+ 24+ k) +0(F2 + k2 —1)
Nat = 41k '
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Equations for amplitudes

Let us denote

and

1 0 0 1
L+_<—ik f)’L_<f ik)’

B So+ + 3+ i(S1+ — o)
S+ = .
i(S1+ +S24) S0+ — 3+
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Equations for amplitudes

It follows from 1, = Stp_, S&) = eiXis(ii) that the vectors a, d
fulfill the equations

a=eX*T,d, a=eXT_d, Ty=Kisily.
Hence, d satisfies the homogeneous equation
Td =0,

where

N £ e e v X+ T X-
T=¢e"2 (e Ty —e T,>,X—72

which has nontrivial solution, if the determinant of the matrix T is
equal to zero.
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Equations for amplitudes

The matrix T can be presented in the form

T:ei(X++X—)/2 t1  tio
f tor ton )’

with
tin = (e”‘(k(c1+ — G2y ) + ot +<34) + e X(k(s1- — 2-) —o- + <3—))
tip =i (einQk(§1+ — G4) + € X(K(s1- — 2-) — 2kso— — s1— — ©2-)
tog = —i (eix(k2(<1+ — Go4) + 2ksoy — 14 — 24) + € XFPk(1- — )
-)

ty = (eix(k(§1+ — ) F ot —s34) F e X(k(a- —o-) - —3
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Equations for amplitudes

Thus, d # 0 is the solution of equation Td = 0 if

t11to2 — tioto1 =

= 2f?(cos(X+ — X—) — S0-S0+ + S1-S14 — 2—S24 — 3-3+) —
—((K* = F)(s1- — 2-) — 2k<o— — 61— — ) ¥

x((k* = £2)(c14 — S24) + 2kso4 — 14 — 24) = 0.
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Equations for amplitudes

The general solution of equations for a, d can be written in the

form
t t1
d=c 2% a=¢ 125,
—t —t
Here, c is an arbitrary constant and

S
tip = t12‘Xi*>*Xi7 k——k, So+—>—S0+>

til = tll‘Xi%in, k——k, o+——c0+>

e 0= (hy1g120 — g11h12)
hipe'X— — grpe'X+

h11 = k(14 —<21) + <o + 34, g11 = k(51— —2-) —s0- + 3,

hio = FPk(s1e — 1), 12 = k*(s1- — o) — 2ksp— — <1 — <o

d=cf

)
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Dispersion relation

The solvability condition (dispersion relation) can be presented as

(P2 + P3)(cos(X+ — X—) — S0—S0+ + S1-S14+ — 2—S24 — $3-63+) —
—2(pos1— + me— + K50 )(po 1+ + M2y — Ko4) = 0.

In virtue of pg + K% — p% — p% —m? =0 ,it follows from dispersion
relation that pg, x, m satisfy the equation

(pg + K2 — m?)(cos(xs — X—) — S0-0+ + S1-S1+ — 224 — $3-634) —
—2(po1— + M- + Ko )(posi+ + My — ko) = 0.

describing the relation between the dimensionless magnitudes
Po/m, k/m characterizing the bound state. Its solution is presented
on the (pp — k)-plane by hyperbola or by two straight lines.
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Dispersion relation

Since for Dirac particle the physical value of py, x are positive, the
bound state can be realized if there are points of the (py — x)-plot
presenting the dispersion relation in the region pg > 0,x > 0. This
part of plot can be connected or disconnected, and the possible
values of pg, x for bound state can be both restricted and
non-restricted from above.
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Dispersion relation

By <o+ = o+ = 0 the dispersion law has the form

)

cos(X+ — X—) +<S1-S1+ —$3-63
B VAR 4 ) =0, VF# Oor =) tosrs = 655t
2(s1-s1+)

§12i - §32¢ =1,
and
0<vr <1, % =m’+(pi + p3)(1 - v}).

It describe the propagation of massless particle in the defect plane
with the Fermi-velocity ve. The motion of such particles explains
numerous effects in graphene.
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The main results

@ In the framework of the Symanzik approach, we build the
model of QED field interaction with 2D material. The action
of the model consist of the usual QED action and extra defect
contribution. The action contains parameters, that
characterize the material property.

@ The characteristics of photons and Dirac particles scattering
on the defect plane can be calculated in the model, also the
properties of states localized near the defect plane can be
investigated.

@ The model and obtained on its basis results could be used for
the theoretical description of the interaction of electrons,
positrons and neutrons with two-dimensional materials
(graphite, thin films, sputters, sharp boundaries of a solid
body). Simple modifications of the model allows to take into
account the effects of external electromagnetic fields.
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Thank you for your attention!
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