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Consider a generic scattering problem 2 → N:

The plane-wave approximation is said to be applicable when:

the packets are narrow in the momentum space

and wide in the coordinate space
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Naively, the non-paraxial corrections to observables are

For modern electron accelerators it is less than

For electron microscopes it is less than

Say, for the LHC beam it is less than

Fortunately, there are also dynamical (not purely “geometrical”) effects!

(!)

(and some 2-3 orders larger 
for ILC and CLIC)
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Verbeeck, et al. 2011



The plane-wave approximation in scattering 

does not work if:

1. The impact parameters are large: an MD-effect (Novisibirsk)

Tikhonov 1982;  Kotkin, Serbo, Schiller 1992

2. The initial particles are unstable Ginzburg 1996;  Melnikov, Serbo, 1997

3. One describes neutrino oscillations  Akhmedov, Smirnov 2009; 

Akhmedov, Kopp, 2010

4. The in-states are not Gaussian  (!) Jentschura, Serbo, 2011; Ivanov, 2011

5. The quantum coherence is lost  (!) Sarkadi 2016; D.K., Serbo 2017

To be addressed in this talk
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Outline
 

   (1) Some non-Gaussian quantum states: 

I. Vortex photons, electrons and neutrons with orbital angular momentum, 
II. Airy photons and electrons, 
III. Schrödinger cats, 
IV. Their generalizations

(2) Non-paraxial wave packets and the Wigner functions

(3) Non-paraxial effects in scattering:

I. Finite momentum uncertainties and impact-parameter, “approximate” conservation laws, etc. 

II. The cross section grows dependent upon a phase of a scattering amplitude 
(say, hadronic or Coulomb one)

III. Quantum decoherence and the Wigner functions' negativity may affect the cross section

IV. Enhancement of the non-paraxial corrections to the plane-wave cross sections 
for vortex particles with large orbital angular momentum
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1. Non-Gaussian states: vortex particles with orbital angular momentum (OAM)

M. Uchida and A.Tonomura, Nature 464, 737 (2010)

A Bessel-state of a free scalar particle:

Probability density 
for a well-normalized wave packet

Twisted photons:  Allen, et al. 1992
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They form a complete and orthogonal set:

OAM!

D.K., PRA 91 (2015) 013847
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1. Non-Gaussian states: vortex particles with orbital angular momentum (OAM)



 Vortex electrons with  E = 300 keV were generated in 2010:

M. Uchida and A. Tonomura, 
Nature 464, 737 (2010)

J. Verbeeck, et al., 
Nature 467, 301 (2010)

● They can be focused to a spot of 0.1 нм0.1 нм
 J. Verbeeck, et al., Appl. Phys. Lett. 99, 203109 (2011)

● Their OAM can be as high as 10001000! 
E. Mafakheri, et al. Appl. Phys. Let. 110, 093113 (2017)

● Magnetic moment of such electrons is 3 orders of magnitude larger than the Bohr magneton! 
K.Yu. Bliokh, et al., PRL 107, 174802 (2011)

1. Non-Gaussian states: vortex particles with orbital angular momentum (OAM)
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The huge magnetic moment → “Orbital light”:

I.P. Ivanov, D.K., PRL 110  (2013) 264801

Angular asymmetry of ~ 0.1 – 1% 

1. Non-Gaussian states: vortex particles with orbital angular momentum (OAM)
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Transition radiation:



Berry, Balazs 1979

N. Voloch-Bloch, et al., Nature 494 (2013) 331

For an ideal Airy beam:

1. There is no spreading

2. Curved path in a free space

3. Self-healing after scattering

Experimental realization 
for 200 keV electrons → 

1. Non-Gaussian states: Airy beams

Quarks 2018, 31.05.2018 D. Karlovets 9



We need a Lorentz-invariant description of the non-Gaussian wave packets 

beyond the paraxial regime!

A Gaussian packet of a massive boson: Naumov, Naumov 2010

In the paraxial regime this turns into a customary Gaussian packet:
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2. Non-paraxial wave packets and the Wigner functions

Mean energy:

Non-paraxial correction!



A relativistic generalization for a vortex boson will be:

They are orthogonal:

An exact solution to the Klein-Gordon equation:

And analogously for a spinning particle...
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2. Non-paraxial wave packets and the Wigner functions

D.K., ArXiv: 1803.09150; 1803.10166



The mean momentum of such a vortex packet is

Enhancement due to the OAM!

An invariant mass of this packet:

With modern technology 

(at el. microscopes):
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2. Non-paraxial wave packets and the Wigner functions

Analogously for the vortex electron’s magnetic moment:

D.K., ArXiv: 1803.09150; 1803.10166



For scattering of wave packets instead of plane waves:

Is there a small parameter?Is there a small parameter?

The plane-wave limit: therefore

In the new variables we get when

A density matrix in these new variables is called a Wigner function!

Wigner 1932
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2. Non-paraxial wave packets and the Wigner functions



Matches the customary cross section when k = 0!

the Wigner functions

Kotkin, Serbo, Schiller, Int. J. Mod. Phys. A7 (1992) 4707

The scattering probability can be expressed via the Wigner functions:
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2. Non-paraxial wave packets and the Wigner functions



The exact Wigner function is
(not everywhere positive)

What do we lose in the paraxial regime?

For a non-relativistic Airy beam:

The approximate/paraxial one is
(everywhere positive)

Possible quantum decoherence is lost!
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2. Non-paraxial wave packets and the Wigner functions



The exact Airy The approximate Airy

Quarks 2018, 31.05.2018 D. Karlovets 16

2. Non-paraxial wave packets and the Wigner functions



We represent the scattering amplitude as follows:

Impact-parameter

Phases of the in-states

The amplitude’s phase

or

3. Non-paraxial effects in scattering
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provided the packets do not spread much during the collision:

We derive the first correction to the plane-wave cross section:

D.K., JHEP 03 (2017) 049

3. Non-paraxial effects in scattering

Quarks 2018, 31.05.2018 D. Karlovets 18

“geometric” terms + dynamic terms

and Also depend on the phases 
and on an overlap of the in-states



To be more precise:

3. Non-paraxial effects in scattering
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3. Non-paraxial effects in scattering
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Interference of the incoming packets is governed by

Due to the finite overlap 
of the two non-orthogonal packets!

A corresponding term in the cross section is:

This contribution defines an azimuthal asymmetry of the scattering:

D.K., JHEP 03 (2017) 049



There are two scenarios: 

1.  Off-center collision of the Gaussian beams

2. Central collision of non-Gaussian beams (vortex particles, Airy beams, etc.) 

3. Non-paraxial effects in scattering
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For a 1 + 2→ 3 + 4 process in the collider frame: 

and the asymmetry simplifies:

It is odd with respect to

An up-down asymmetry!
D.K., JHEP 03 (2017) 049

Shows how the phase 
changes with the 

transferred momentum!



The 1st scenario: non-central collision of Gaussian beams with              
(identical beams, relativistic energies, small scattering angles) – say, ee → X, pp → X, etc.

Just a linear “geometric” suppression!

For electrons of  E = 300 keV focused to 0.1 nm
and we have the following conservative estimate:

One can detect a contribution of the Coulomb phase!

3. Non-paraxial effects in scattering
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In QED (West, Yennie, 1968): 

or, alternatively:

(!) And the same estimate 
within the 2nd scenario

Similar estimates were also obtained 
by Ivanov 2012 and Ivanov, et al. 2016

Lorentz 
invariant!

In other words: and there is a region where f(s,t) is very large!



A parameter which is usually employed:

Once the Coulomb phase is known, one can retrieve also the hadronic phase!

3. Non-paraxial effects in scattering
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The region of a Coulomb-hadronic 
interference



Taking the same models as TOTEM, one can give more precise estimates 
of the asymmetry induced by the hadronic phase:

For pp-collisions 
the beams are too wide...
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3. Non-paraxial effects in scattering



When the parameter  is small, the quantum decoherence 
does not reveal itself in scattering and the Wigner functions 

stay everywhere positive (the WKB approximation).

Is there a chance to probe negative values of a Wigner function in scattering?

For scattering of an electron off  an atom, an analogous small parameter is

which is 137 times larger than   ! 

3. Non-paraxial effects in scattering
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Beam-beam collision  →  beam + target

For electron beams focused to 0.1 nm one can enter the non-paraxial regime!



 The so-called Schrödinger’s cat state 
has a not-everywhere positive Wigner function 

is an impact 
parameter

3. Non-paraxial effects in scattering
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In the Born approximation, the number of scattering events is:

The target's transverse profile
The projectile's Wigner function

The Born amplitude

For a wide Gaussian target of hydrogen in the ground 1s state:

Quantum interference does contribute to the cross section
already in the Born approximation!

3. Non-paraxial effects in scattering
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D.K., V.G. Serbo, PRL 119 (2017) 173601



The quantum interference also results in an angular asymmetry:

Several per cent!

3. Non-paraxial effects in scattering
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D.K., V.G. Serbo, PRL 119 (2017) 173601



Conclusion

● The non-paraxial effects are effectively attenuated by      , not always by      , 

and originate thanks to a finite overlap of the incoming wave packets 

● For instance, for vortex electrons with high OAM, 

● In beam-beam collisions, the Wigner functions of the non-Gaussian in-states 

turn out to be everywhere positive

● For well-focused electron beams of different spatial profiles 

these effects can already reach  ~ 0.1 – 1%. 

● For QED, they can compete with the NNLO- or even with the NLO corrections

● A contribution of the Coulomb phase to the cross section in elastic ee scattering 

can reach ~ 0.1% and can already be measured

● The quantum decoherence (connected with the Wigner functions' negativity) 

may reveal itself in scattering off an atomic target already in the Born approximation; 

The corresponding effects can also reach  1 – 10%  for the Schrödinger’s cat states.
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The steps further and issues:

● Proton spin puzzle: vortex beams can be more sensitive to the partons' angular momenta.  

Does a deep inelastic  e^(tw) + p → X  scattering 
bring some new information?

● Are there effects that are enhanced when ultrarelativistic massive particles 
with a non-Gaussian profile collide or are scattered off a target?

How can one use ultrarelativistic vortex electrons?

● Can we employ scattering/annihilation as a means for quantum tomography?

● ….
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