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Hopf polynomial as a character
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HHopf
λ,µ = Schurλ(q−ρ)︸ ︷︷ ︸

Dλ

·Schurµ(q−λ−ρ)

Time variables pk :=
∑
i x

2k
i , A = qN :

Dµ = Schurµ{p∗}, p∗k :=
Ak −A−k

qk − q−k

p∗λk = p∗k −A−k(qk − q−k)
∑
i,j∈λ

q2k(i−j) = p∗k +A−k
∑
i

q(2i−1)k(q−2kλi − 1)

HHopf
µλ = Dλ · Schurµ{p∗λ}
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Conifold description
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Hopf link versus L8n8
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Topological vertex:

Cξµλ(q) = qκ(λ) · Schurµ(qρ0)
∑
η

Schurξ/η(qµ+ρ0) · Schurλ∨/η(qµ
∨+ρ0),

p
(µ)
k = pk(qµ+ρ0) =

1

qk − q−k
+

∞∑
j=1

q(1−2j)k(q2µjk − 1)

κ(λ) = 2
∑
i,j∈λ

(j − i), 2ρ = (N − 1, N − 3, . . . ,−N + 3,−N + 1) 2ρ0 = (−1,−3, . . .)

Four point function� on the resolved conifold geometry:

Zµ1,µ2;λ1,λ2
=
∑
ξ

(−Q)|ξ|Cξµ∨1 λ1
(q)Cξ∨µ2∨λ2

(q),

Q = et, t is the K�ahler parameter of the rational curve P1 represented by the internal edge. Large N
duality: the 't Hooft coupling is t = Ngs = 2πiN

N+k hence, Q = q2N = A2.
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Summation using the Cauchy formula for the skew Schur functions:

∑
ξ

(−Q)|ξ| · Schurξ/η1
{p} · Schurξ∨/η2

{p′} =

= exp

(
−
∑
k

Qkpkp
′
k

k

)
·
∑
σ

(−Q)|η1|+|η2|−|σ| · Schurη∨1 /σ{p
′} · Schurη∨2 /σ∨{p}

where

exp

(
−
∑
k

Qk p
(µ1)
k p

(µ2)
k

k

)
= (−A)|µ1|+|µ2|q

κ(µ1)+κ(µ2)
2 hµ1hµ2D(µ1,µ2)

∞∏
i=1

(1−Qq−2i)i
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The main claims:

Zµ1,µ2;λ1,λ2

Z∅,∅:∅,∅
= (−A)|µ1|+|µ2|qκ(λ1)+κ(λ2)+κ(µ1)+κ(µ2) ·D(µ1,µ2)×

∑
σ,η1,η2

(−A2)|η1|+|η2|−|σ| · Schurλ∨1 /η1
{p(µ∨1 )} · Schurλ∨2 /η2

{p(µ∨2 )} · Schurη∨1 /σ{p
(µ2)} · Schurη∨2 /σ∨{p

µ1}

Zµ1,µ2;λ1,λ2

Z∅,∅:∅,∅
∼ GL8n8

λ1×µ1×λ2×µ2

GL8n8

λ1×µ1×λ2×µ2
= HHopf

(λ1,λ2)×(µ1,µ2) = D(µ1,µ2) · Schur(λ1,λ2){p∗(µ1,µ2)}
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Hopf in the composite representation
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N

R⊗ P̄ = (R,P )⊕ . . .
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...

...

. . .

. . .. . .. . .(R,P ) =
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R
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N

. . . . . . . . .
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H(R,P )×(Q,S) = D(R,P ) · Schur(Q,S){p∗(R,P )}

with

p
∗(R,P )
k =

Ak −A−k

qk − q−k
+

1

Ak
·
l
R∑
j=1

q(2j−1)k · (q−2krj − 1) +Ak ·
lP∑
i=1

q(1−2i)k · (q2kpi − 1)

Schur(R,P ){p∗(Q,S)} =
∑

η∈R∩P∨
(−)|η| · SchurR/η{p∗(Q,S)} · SchurP/η∨{p∗(Q,S)(A−1, q−1)}

SchurR/η are the skew Schur function. Mirror re�ection (A, q)→ (A−1, q−1) could be replaced just by
transposition of Young diagrams.
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Positive/negative A-mode decomposition:

p
∗(R,P )
k = Ak

(
1

qk − q−k
+

lP∑
i=1

q(1−2i)k · (q2kpi − 1)

)
+A−k

− 1

qk − q−k
+

l
R∑
j=1

q(2j−1)k · (q−2krj − 1)



SchurR/Q{p(1) + p(2)} =
∑
P

SchurR/P {p(1)} · SchurP/Q{p(2)}

A|R|−|Q|SchurR∨/Q∨{pk} = SchurR/Q{Akpk}, p
(µ∨1 )
k = (−1)k+1p

(µ1)
k

∣∣∣
q→−1/q

∑
η1

(−A2)|η1| · Schurλ∨1 /η1
{p(µ∨1 )} · Schurη∨1 /σ{p

(µ2)} = A|σ|(−A)−|λ1| · Schurλ1/σ{p
∗(µ1,µ2)}
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Rosso-Jones formula

HHopf
λ×µ = qκλ+κµ

∑
η∈λ⊗µ

Nη
λµ · q

−κη ·Dη

Schur representation ←−−−−− Averaging procedure
↖ ↗xy Hopf polynomial

y
↙ ↘

Topological vertex approach Rosso-Jones formula
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Re�nement

Re�ned Rosso-Jones formula:

PHopf
λ,µ = q−νλ−νµtν

′
λ+ν′µ

∑
η∈λ⊗µ

Nη
λµ · q

νη t−ν
′
η · Mη

where νλ := 2
∑
i(i− 1)λi, ν

′
λ := νλ∨ , i.e. κλ = ν′λ − νλ, Mη is the Macdonald dimension of η, i.e. the

specialization of the Macdonald symmetric function Mη{q, t|p} at the topological locus (in time
variables) pk = p∗k [?]:

Mη := Mη{q, t|p∗}, p∗k =
Ak −A−k

tk − t−k
, Mλ{q, t|p} ·Mµ{q, t|p} =

∑
η∈λ⊗µ

Nη
λµ ·Mη{q, t|p}

Nη
λµ are not obligatory integer.
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Hopf hyperpolynomial

PHopf
λ,µ = Mλ(t−ρ) ·Mµ(q−λt−ρ) =Mλ ·Mµ(q−λt−ρ)

These symmetric functions of the components of vectors in the Cartan plane can be again rewritten in
terms of the time variables

p∗λk = p∗k −A−k(qk − q−k)
∑
i,j∈λ

tk(2i−1)qk(1−2j) = p∗k +A−k
∑
i

t(2i−1)k(q−2kλi − 1)

with the superpolynomial deformation:

Mµ(q−λt−ρ) = Mµ{q, t|p∗λk }

Thus, the �nal result is

PHopf
λ,µ =Mλ ·Mµ{q, t|p∗λk }
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Thank you for your attention!

A.Mironov (LPI/ITEP) A non-torus link from topological vertex 2018 18 / 18


